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introduction 


Statistic* is an important branch 
of mathematics which has various 
applications since it concerns with 
gathering, representing and reducing the data 
in the form of digital indicators to describe, measure 

and analyze the basic features of such data in order to take the tight decisions. Statistics has wide 
applications in all fields of physical, human, economic and social sciences. In this unit, we are going to 
focus on analyzing the bivahale data and studying the degree of the direction of the relation between the 
two variables and the shape of this relation. Initially, we study the correlation which reveals the degree 
and the power of the relation between the two variables. This relation may be in the form of a direct or 
inverse form. It is worth mentioning that the correlation studies the relation and its direction between 
a variable and another. It is necessary to realize that the relation does not refer to causation because it 
does not refer to the existence of an effect to a variable on the other as it will be shown in Lesson I 
in this Unit. In this unit also, you are going to study the simple linear regression which concerns with 
estimating the form of this relation through which you can predict the value of the dependent variable 
if the value of the independent v ariable is known. It gets more accurate, the more the sample randomly 
chosen. You will study some modem technologies about the scientific calculators and the computer 
statistical programs such ast SPSS) to perform the calculations and to graph the data related to the 
correlation and the linear regression between two phenomena. 


Unit objectives 


By the end of the unit and carrying out the iavolsed aclisitiev the students should he able to 


Identify what is meant by correlation 
lKt*«« two vauMn 
Calculate the correlation coefficient 


judge from the graph the euuencc 
of the relation and the p»n of itt 


of the corrcialicai and the linear 
regressive! between two phenomena 
Lie a given repression line eipimun 


between two variables in different 
nays (IVarson'v method aid 
Spearman's method I and interpret 


Identify the rnraung of the liner 
irpniwa coefiWscnl and interpret 
what cat he deduce hy knowmy the 


to predict the value of one of 
the two variables in terms of the 
conespaasding value of the other 


■hem mathematical!) 

I nderstand the mraanng of the 
rcfresaon line and e via male its 
importance m wady the relation 
between two variables. 

Represent the relation between two 
vaesaMev in a ('artesian diagram and 


value of such a coefficient 
find the repression lane eipouon of 
any of thr tnu variables un the other 
using the lend wjuarcs method. 

Lie the cafctdalcw aid caanputcr 
to perform the mathematical 
calculations and graph the data 


variable 

Apply the correlation and the linear 
feyrewun in research vatuaMsaais 
Appreciate toatnbaetiunv of using 
the corrclatnm and the linear 
regression In solving vnend and 
duly life problems 
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Key Terms 


Corrrtafton 

Mfianta** 
tinto/ correlation 
Correlation Coefficient 


Direct Correlation 

Invent Correlation 

Sroftfr drogtotv} 

frranon Correlation coefficient 


Spearman Correlation 
coeffic i ent 
«eg res von line 
Leatt Square 


Lessons of the unit 


I.camih HI' Correlation 
I rvMin ( 1 - 2 ) Regression 


Materials 


Scientific calculator - excel program - Spa* 
program 


la 


Chart of the unit 



Correlation and Regression 

Correlation 


i ; 

Correlation Coefficient 

t 

l 


1 


Type of Correlation Scatter diagram 


r 


i 

1 


Spearmans 

Pearson's 

Inverse ") Direct 

^ method J 

^ method 



1 




Line 


Scatter diagram 


l ~ 

( least square method 


1 


~ j 

( Regression Line equation 
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Unit one 

1 - 1 


Correlation 


You wdl learn 


Key terms 


/ > Definition of correction $ Pearson's linear 
t Scatter diagram correlation coefficient 

3 Direct correlation and C Spearman s rank 
inverse correlation correlation coefficient 

5 Linear correlation 
coefficient 


'Correlation 
C Linear Correlation 
4> Correlation Coefficient 
c Direct Correlation 
4 Inverse Correlation 


4 > Scatter diagram 
4 Pearson Correlation 
Coefficient 
4 ' spearman s rank 
correltion coefficient 


Introduction: 

You have previously learned in Statistics how to describe a set of data representing a phenomenon 
using some statistical scales such as the scales of the central tendency, dispersion and the 
coefficient of variation. In this lesson, you are going to leam how to describe the items of two 
different phenomena in accordance to the relation between both. In other words, if one of the 
two variables has changed in a certain direction!by increasing or decreasing), the other variable 
leans to change in a certain direction by increasing or decreasing. Uni. In this case, the correlation 
is called a direct correlation. If one of the two variable changes in the direction of increasing 
and the other changes in the direction of decreasing and vice versa, the correlation in this case 
is called the inverse correlation. 

Correlation: 

meditate the following examples and record your observations: 

1 - llic relation between the side length and the area of the square. 

2 - The relation between the blood pressure and the age. 

3- I he increase in the price of an item and the demands of buying it. 

4 - The decrease of temperature and the demand to consume the fuel. 

5 - 11k- relation between rising of the sea level and the rise of the temperature. 

From the examples above, vve observe that: 

# The two correlated variables change in the same direction. I.e. the increasing or decreasing 
of a variable leads to the increasing or decreasing of the other as in examples 1.2 and 3. It is 
said the correlation between both variables is positive (direct). 


materials 


3 Scientific calculator 
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* In examples 4 and 5. we notice that two correlated variables inversely change. In other 
words, the increasing or decreasing of one variable leads lo decreasing or increasing of the 
other variable, hence, it is said that the correlation between them is negative (inverse). 



Correlation is a statistical method by which the degree and the type between two 
variables can be determined. 


lire relation between the two variables ranges from a strong degree to a weak one. When the 
relation between the two variables is strong, it means that knowing the value of one variable will 
help lo predict the value of the other variable. On the contrary , w hen the relation is weak, it means 
that know ing the value of one variable will not help lo predict the value of the other variable 
One of the most important methods helping us identify the degree and type of the relation betw een 


the two variables is the Scatter Diagram. 


Scatter diagram 



Scatter Diagram is a graphical representation of a number of the ordered pairs (x.y) 
to describe the relation between two variables. 


If we denote the first phenomenon by the symbol (x) and the second phenomenon by the symbol 
(y). then the next diagrams illustrate the relation between x and y which show the scatter diagram. 



Figure 1 

There is no correlation 


Linear Correlation 




There is an inverse linear There is a direct linear 

correlation correlation 



Ihc simple linear correlation is know n as the measure of the degree of the relation 
between two variables. 




Activity 


graph the scatter diagram for each of the following data mentioning the type of the 
expressing such data. 



8 

14 


9 

17 


10 

18 


II 

21 


12 

23 



7 

20 


8 

18 


II 

17 


relation 

15 

16 
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16 

10 



Correlation Coefficient 


13 

6 


15 

12 


The correlation coefficient is denoted by the symbol (r). It is a relatively quantitative scale 
measuring how much the two variables are correlated where -1 < r < I . It is said the correlation 
is perfect direct if the correlation coefficient r = I. is perfect inverse if the correlation coefficient 
r ■ - I and the correlation is nihilistic when r*0. 


We notice that: 

The nearer the value of the correlation 
coefficient to I is. the stronger the direct 
correlation between the two variable is and 
the nearer its value to zero is. the weaker 
the direct correlation is and we will say the 
same in the inverse correlation. The opposite 
figure shows that. 



TO 

Imttw twrkliwi 

Direct coretation 




perfect imerw no correlation fVtfrt 1 dim I 

(wnUlitm (onhlioii 


Oral Pvnrpssion Multi rhntrP 

The strongest correlation coefficient of the following is: 

|*t) -0.8 b -0.5 c 0.4 lb 0.7 


Pearson s Correlation coefficient 

Suppose we have a set of < n) people and we get data from those people ah*Hit the values of two 
variables \ and y. The data we gel ought to he ini the form: 

The values of first variable x: *, , x 2 . x 3 . x„ 

The values of second variable y: yj , y 2 . y 3 . y n 

If wc denote the correlation coefficient by the symbol (r). then Pearson's correlation 
coefficient between the two variahlcs \ and y or the linear correlation coefficient can he 
found from the relation: 

n Lx y -iL * < I y) 

r= y nTx 2 !^ j \tyULy* 


Where: " L m is the sy mbol of summation notation and read as the sum 


n denotes the number of the items. 

Lx =x, ♦ x 2 ♦ xj . ♦ x. . 

£y »yi ♦ >2 ♦ yj . ♦ y. . 

rxy-x, y, ♦ x 2 y 2 • x 3 y, ...... ♦ *.y„ 

Z* J SX| 1 ♦ x 2 2 * x 3 2 ♦ X 2 „ , 

ry 2 »y,2 ♦ y 2 2 ♦ y 3 J * y. 2 
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Example 


1 The next table shows the marks of 10 students in the history and geography subjects. 


history x 

75 

80 

93 

65 

87 

71 

98 

69 

84 

Itcoyraphy y 

82 

78 

86 

72 

91 

80 

95 

73 

89 


Required is to calculate the Pearson's correlation coefficient between the two variables x and y 
und identify the type of the correlation. 


^ Solution 

We form the next table: 


v r = 


75 

82 

5625 

6724 

6150 

80 

78 

6400 

6084 

6240 

93 

86 

8649 

7396 

7998 

65 

72 

4225 

5184 

4680 

87 

91 

7569 

8281 

7917 

71 

80 

5041 

6400 

5680 

98 

95 

9604 

9025 

9310 

69 

73 

4761 

5329 

5037 

84 

89 

7056 

7921 

7476 

78 

74 

6084 

5476 

5772 

Lx 

*y 


L r> 

r*y 

• too 

-•20 

-•SOM 

>•7(20 

M6260 

n Lx y -<I' 

x *2Ty> 





r = 


10 ■ 6h2hO -lHOOx 820) 


/I0 -65014 - iHOtW 10 -67820 -<820)* 




Try 


J 10140 v S.XOO 

solve 


~ 0.8606 


The correlation is direct 


From the data of the next table: 


20 

23 

24 

25 

28 

B 35 

31 

30 

27 

29 


30 

28 


Calculate the Pearson's correlation coefficient (linear) between the two variables x and y 
and identify its type 
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Using the scientific calculator: 

A lot of scientific calculators in the markets arc supporting to find the sums of the columns in the 
table above and calculate the correlation coefficient as follows: 

* Preparing the calculator for the statistics system: 

By pressing vaanc then QO 

Statistical and regression calculations | |«a«| QQ (STAT) 

Select from the drop-down list: 

Patred-vartabl* (X. Y). Nnaar regression (y = A * Bo | CE(A»BX) 

m Filtering the data: 

Fill the shown table in the figure in all the 

values of (x and y) by typing the number ® (D(STATid)< a+ 8X| 
existed in a table After typing the number, 
press * until you finish typing all the values of (x and y). 

* Recalling the products: 

Press the buttons, start | ) (stati to gel 3:sum 
And select from this list each of n: 

I: r x 2 , 2: £ x , 3:1 y 2 . 4: r y . 5: r xy 

By pressing the buttons from I to 5 severally liable. 

To find the correlation coefficient <ri press the following buttons: 

(STAT). from the drop-dow n list, press 5 : Reg 

And from the drop-down list, press 3: r to get the value of the correlation coefficient required 
between the two variables x and y. 

<9 ActMty 

Use the calculator to check the answer of the example above 

The program (SPSS) 

The program (SPSS) is the abbreviation of (Statistical Package for Social Science). It is a set 
of comprehensive mathematical packs or data to analyze such data. Ibis program is used in the 
scientific researches involving digital data. 

The program can read all the data of different files, analyzing them, getting the results and giving 
statistical reports. The programs also allows the users to edit the data in the form of variables ami 
new data using the equation. You can also use the program to save the data in files and naming 
or editing the names of the data files. You can also pack up the data and files through controlling 
the order and selection list available in this program. This can be done to include all the stages 
of analyzing the data and the statistical process via four main steps: 
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1 - Coding the data. 

2 - Placing the data in the program. 

3 - Selecting the proper form and testing and analyzing the data. 

4 - Identifying the variable data to be analyzed and to fulfill the statistical process. 

Operating the SPSS program: 

You can start the SPSS program by pressing the window (STARTt in the main list, then go to the 
(program > list and search for the SPSS program w ithin two times to open the program. 

Components of the programs anti their function: 

Command list: 

It is a special task bar for this program where the user can select the order which he /she wants 
through pressing the icon of each statistical order and then the results are viewed in the report 
board. The command list contains nine main orders. When you press any of them, they get 
branched into sub- orders besides, the (help) icon. 

Data % lew : 

It is a screen where the user can control adding or cancelling the dependent data for each variable. 
The user can add any independent variable in a column on the data view where the user can convert 
to view or w atch the variables by pressing and mov ing between the two orders < Variable View) and 
i IXita View) placed on the left of the variable view. 

Variable view: 

The view of defining the variable data w hk'h contains parallel columns and each column contains 
special data for each variable. To view the definition of each variable, the user ought to use the 
mouse to do (Double Click) or to press the order (Variable View) placed under the definition 
view. At this very minute, the shape of the view get changed and the def inition bar appears: 
Name Type 

Width Values 

When you press the definition bar. the coding (denotationlappcarv After that, press the button 
(Add) to view the value of the symbol and position. 

Steps you can control: 

(1) The ability to recall the previous data: The user can control the process of recalling the 
data and files by pressing the button (Kile), then (he button (Open). The user selects the file 
containing the data wanted to be recalled which contain the statistical reports done before 
und finally presses the button (Save). 

( 2 ) Saving the new changes in a file: The user can save the new changes in a file by pressing 
the order (Save) or the order (Save as) to save and name the new selected file. 
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( 3 ) Adding edits ami managing the variables: I he user goes to the (Data bditor! and add the 
data he /she wants to he able to: 

* edit the value of the data. 

* Defining the variables: identifying the type of the added data, the economic indicators and 
all the variables. 

( 4 ) The user can add a new variable view and watch the arrange of the changes happened by 
using the main order I Data!, then follow each variable that the user wants such as adding a 
variable or adding a new view or editing the arrangement of the data. 

( 5 ) Forming a fully new \nriahlr using an equation where the user goes to (Transform), then 
moving to(Compute) and identifies the name of the new variable in the list (Targer Variable!. 

( 6 ) The ability to cancel any variable or view. 

( 7 ) Ordering the v iew where the program sets up a new variable containing a serial number in 
order to order the views ascendingly or descendingly. 

( 8 ) Performing a statistical process identify ing and graduating the statistical description and 
the repetition of data. 

( 9 ) The ability of graphing the variables through setting up a graph to view the variable 
analysis and interpret w hat happened to the new variables. 



You can visit the next site u»download the SPSS: http^/www-01Jbm.<o<n/ioftwar*/onalytKi/ip%s/ 
to check the example above. 



Example 


2 Find the pearson's correlation coefficient between the two variables x and y and identify its 
type if. 

Ix = 6X Z y =36 Z x y = 348 

I x 2 - 620 I y 2 - 204 n>8 
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Solution 

v t „ n Z xy -tZx *£y) _ 

J nZvi-tZx)* / n Iy J - (Zy) 1 
K * UK - <68 - 36) 


r = 




/8>c620 -<h8>i/H-2(M-<36)i /336"/J36 


I 


The value of the correlation cuefTicienl (+1) means that the relation between the two variables 
x and y is perfect direct. 


Q Try to solve 

2 l-ind the pcarson's correlation coefficient between the two variables v and y and identify its 
type if. 

Zx = 92 Z y = 36 Z x y = 372 

Z x2 = MOO Z y2 = 204 n = 8 


Spearman's Rank (orreltion Coefficient 



Think and discuss 


A statistician has studied the relation among the degrees of two school subjects for seven students 
and has recorded the results in the next table: 


Subjects 1 

Weak 

Puss 

Weak 

good 

Weak 

excellent 

Subjects 2 

Weak 

Pass 

good 

Pass 

Weak 

Very good 


Very good 
Pass 


can you help the statistician . to realize the relation between those two 
subjects and find the correlation coefficient between them ? 

We cannot use Pearson's correlation coefficient in "Think and discuss” 
since it depends on the quantitative < numerical (data only. In this case, 
the data are descriptive (as in the previous title) another correlation 
coefficient can be used _ Spearman's rank correlation coefficient. It gives 
a measure to the correlation in both the descriptive and quantitative data 
which arc ordered as in the previous title. Iliis coefficient relics on the 
order of the variable values taking into consideration the ascending and 
descending order. Then, we use the next relation: 


r = 


ftZD 3 

iK n* -1) 


Where D is the difference between the order of the two variables x and 
y and n is the number of the values of each variable. 


OBZ 

• Spnnma't 
nwrrlafion rwfficim 
can be tukwlaled 

» hnher the data 
are nwitilatue or 
dncnpbvc. »betca» 
IVirva'i currclalxm 
t.efficient cam he 
calculated oml) if 
the cariaMn are 
quanutali ve 

• Spruntua't rank 
cuficlaixm 

b character! red with 
rtc caaancta even the 
dau me mm ordered 

m The Speamaum a 

correlation coeffioear 
dor» mil retard the 
difference of the 
Humbert when Ike 
nutit are calculated 
and thnuffc. il b leu 
accwale 
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Example 


3 Kind Spearman's rank correlation coefficient in the previous “Think and discuss" and 
identify its type. 


Solution 

In this example, we order the two phenomena a regular ascending order by giving each student 
a rank for a subject so does the other subject for the same student as show n in the next table. 


Subject* 1 

Weak 

Pass 

Weak 

good 

Weak 

excellent 

Very good 

Ordering with 
repetition 

1 

4 

2 

5 

3 

7 

6 

l inal repetition 

2 

4 

2 

5 

2 

7 

6 


We notice that the case "weak" has repeated three times and occupied the places 1,2 and 3. 


hence, the rank of each = - ! ■ *“* * = 2 (it is the arithmetic mean of the numbers 1,2 and 3), and 
similarly. 


Subject* 2 

Weak 

Pass 

good 

Pass 

Weak 

Very good 

Ordering with 
repetition 

1 

3 

6 

4 

2 

7 

final repetition 

1.5 

4 

6 

4 

IJ 

7 


We notice that the level “weak” has repeated tw ice and occupied the places I and 2. 

hence, the rank of each ■ 1 * * ■ 1.5 it is the arithmetic mean of the numbers I und 2). 

Also, the leveTpass" has repeated three times and occupied the places 3.4 and 5. 

hence, the rank of each = A ‘ * * = 4 We summarize the solution in the table as follows: 


a 

y 

Ranks otx 

Ranks of y 

D 


Weak 

Weak 

2 

1.5 

0.5 

0.25 

Pax* 

Pass 

4 

4 

zero 

zero 

Weak 

good 

2 

6 

■4 

16 

good 

Pass 

5 

4 

1 

1 

Weak 

Weak 

2 

1.5 

0.5 

0.25 

excellent 

Very 

good 

7 

7 

zero 

zero 

Very good 

Pass 

6 

4 

2 

4 
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Correlation 1-1 


■ 1 - 


n4 n 2 -1 > 


r = I - 


6*213 


- 1 - S = 06161 


7(49- I) 

It is a direct correlation. 


Q Try to solve 

' 3 ' In a study about the relation between the students' levels in statistics and mathematics, the 
degrees of si* students have been as follows: 

Pass 
Weak 

calculate the Spearman’s rank correlation coefficient among the degrees and identify its type. 

Example 


1 )tgrct» of statistic^ x) 

Pass 

Very good 

excellent 

Very good 

Pass 

Degrees of mathematics <y> 

good 

good 

Very good 

excellent 

good 


* 


calculate the Spearman's rank correlation coefficient between \ and y through the data of the 
next table: 


4 

7 



5 

4 


8 12 
6 10 


^ Solution 

Form the next table: 


■ 

y 

ranks x 

ranks y 

D 

D- 

4 

7 

6 

2 

4 

16 

7 

6 

4 

4 

0 

0 

8 

6 

2.5 

4 

-1.5 

2.25 

5 

4 

3 

6 

-1 

1 

8 

6 

2.5 

4 

-1.5 

2.25 

12 

10 

1 

1 

0 

0 


V r - I - ,\l » - 6 !-* 1 -? - ~ 0.3857 The correlation is direct 

n(n*-h 6(36-1) 

Cri tical thinking: Does E D 2 vary if we order the two phenomena x and y ascendingly? explain 
your answer 

Q Try to solve 

4 Calculate the Spearman's rank correlation coefficient between x and y and identify its type 
from the data shown in the next table: 


10 

7 

8 

7 

6 

4 

5 

8 

7 

9 

9 

10 
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g—rcl— 1 - 1 |jjo 

First: Choose ihr correct answer: 


0 The s tro n g e s t correlation coefficient of the following is: 

|a| -0.94 b zero C 0.5 Id 0.85 

[2, The strongest inverse correlation coefficient of the following is: 

(•I -0.2 b -0.5 e) -0.7 Id -0.8 




J the scatter diagram representing inverse correlation is: 




• • •• 


;• • 


V. 

• • • • 

•••••• 


4^ The weakest correlation coefficient of the following is: 

-1.2 b .0.7 « 0.12 


d 





d 0.9 


s' One of the next numbers can represent the strongest inverse correlation coefficient between 
two variables: 

■ 0.3 b 0.9 c . |.| d 1.0.95 

Answer the following questions 

•)From the data of the next table 



10 

17 


14 

23 


II 

19 


12 

20 


9 

15 


First: Calculate Spearman's rank correlation coefficient between the two variables x and y. 
Second: Calculate Pearson's linear correlation coefficient between x and y. 


[7. From the data of the next table 




3 7 11 

2 10 II 


Calculate Spearman's rank correlation coefficient between the Iwo variables x and y. 


• From the data of the next table 


1 

3 

4 

6 

7 

6 

4 

4 

3 

2 


Calculate Pearson’s correlation coefficient between the values of x and y and show its type. 
9 From the data of the next table 



6 7 

7 8 


Calculate Pearson's correlation coefficient between the values of x and y and show its type. 
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3o From the data of the next table 


3 

1 6 4 

3 

7 

4 | 5 X 

6 


Calculate Spearman'* rank correlation coefficient between x and y ami show it* type. 
31 From the data of the next table 



Very good 

Very good 

good 

Weak 

Pass 

Very good 


good 

Pass 

good 

excellent 

Very good 

Pass 


Calculate Spearman'* rank correlation coefficient between x and y. 

3* Find Pearson's correlation coefficient between the value* of x and > and show it* type if: 
£ x = 220 £ y = 140 I x y = 2658 

£ x 2 = 54X6 £ y 2 = 2292 n = 10 


H lode The following table shows a 6 • book group in regard to its price (XI ami the sales (y). 


Priced) 

IjOW 

Very low 

Average 

Very high 

high 

Very high 

Sales iy) 

high 

high 

Very high 

Low 

Average 

Low 


Calculate Spearman’* rank correlation coefficient between the price and sale of the book. 


14 Advert isgnygfl l, An advertising company ha* decided to study the relation between its 
expenditure on advertisement x (in thousand L.E) and Us sales y (in thousand units). If the 
data of the company's eight branches are as follows: 



Find the rank correlation coefficient between the expenditure and sales and show its type. 


15 f ducat ion The next data represent the marks of len students in chemistry and biology. 


chemistry 

60 

X5 

55 

<X) 

65 

50 

XO 

70 

95 

75 

biology 

55 

75 

50 

95 

AO 

65 

X5 

XO 

90 

70 


Calculate Pearson's linear correlation coefficient and determine its type. 


i« Birth: In a study to determine the relation between the mother's age and the number of her 
kid*, the following data have been determined: 


mother's age 

IX 

20 

23 

27 

29 

32 

33 

number of kids 

2 

1 

1 

2 

3 

4 

3 


Calculate spearman's rank correlation relation and determine its type. 
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Regression 



Intrnriurtinn: 

You have previously studied the function and identified its graph. In the 
previous lesson, you kumed the scatter diagram and you also realized that 
the objective of graphing it is to identify the nature of the relation between 
two variables x and y through the data related to both variables. You also 
learned that the properties of the correlation between two phenomena can 
be in the form of the follow ing: 

Linear Relation negative Linear Relation 

non-Linear Relation no Relation 

In this lesson, you are going to learn how to identify the regression line 
equation. The purpose of this study is to help the researcher know the type 
of the given data and perform correct predictions through them. 


• I he function is a 
relation between 
the two sets x 
and y where each 
element of set x 
elements has only 
one element of set 
y elements 

• The fmu t inn Is 
defined whenever 
each domain, 

('odontaln and 
rule are know n. 




Regression is a statistical method by w hich the value of a variable can be estimated 
in terms of the other variable. 


It has several types: 

■ simple linear regression: in which, the dependent variable (yi depends on one variable <x) 
through a linear relation. 

b multiple regression: in which, the dependent variable (y) depends on more than an 
independent variable. 

c Non-linear regression: if the relation between the dependent variable (y) an nonlinear 
independent variables (of second degree, third degree, exponential, or logarithmic....). 

In this ksson. we concentrate only on the simple linear regression. Ihe following figures 
illustrate the relation between the value of the correlation relation and tire difference of the point 
positions on the regression line. The closer the points arc congruent to this line, the more the 
value of (r) increases or decreases till all the points get congruent on the line. In this case, the 
value of (r) is either (-*■!) or (-1). 


materials: ^scientific calculator Microsoft Excel 
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Regression 1-2 



(4) moderate inverse 
correlation 


(5) strong inverse 
correlation correlation 
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(2) strong direct 
correlation 


(3) perfect direct 
correlation 
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(6) perfec t inverse 
correlation 


Regression line equation: 

You have previously learned in the analytic geometry the straight line equation whose slope is m 
and y-intcrccp< of c is y = mx + c. 

In turn to the scatter diagrams shown previously, we find that if the scatter diagram starts as in 
figures (2) or (5), this indicates that the relation between the two variables are linear. Since we 
can imagine in the existence of a straight line, the points are located on and near the straight line 
even all the points do not lie on it. If the scatter diagram starts as in figures (I) or (4). we doubt 
about the linearity of the relation between the two variables As a result, our main mission here 
is to use the seen pairs of values <x r . y r ) to find the best straight line matching the points of the 
set of the sample. Let its equation be: 

jr = a bx 

The most common method to find the best values of a and b is called the least square method. 

The least square method: 

Of the mentioned previously, we knew' that in case of correlation, it is 
not necessary all the points lie on the regression line. Therefore, there 
is an error ratio for the points which do not lie on the regression line. 

To get the best regression line, the least possible valued dev iations 
should be reduced <the proper regression line should pass or approach 
to the greatest number of scattering points), if (x. y) is a true point of 

a ^ 

data and (x, y ) is the point locating off on the regression line ( > is 

a 

read as y hat >. then the proper regression line when I y - yl is the least 
for the values of x or when £( y - y)-is the least and by supposing the regression line equation 

A 

is y = a ♦ bx . 
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The absolute difference = Ha ♦ bx>-yl 

The required is to determine the values of a.b such that the absolute difference is minimum by 
solving the following two equations 

£y = na>b£r (If £xy = a£x<b£x 2 <2l 


From equation (l)a 


Ly ■ b£» 


And by substituting in (2>. 


b = 


n L\ y -<£ xM L y) 


n£x 2 -<£x>2 

of the regression line on the positive direction of X axis 


s called the regression coefficient of y on x. It expresses the slope 


The regression line equation of y on x is used fur: 

1 - predicting the value of Y if the value of X is know n. 

2 ' identifying the error which can be identified by the relation: 


Error = I Table % aim - the value satisfying the regression equation I 


Note: when the regression equation is used for prediction (estimation), it is favorable not to 
exceed the range of the variable x used in calculating the regression equation much. 

Critical thinking : the value of the regression coefficient refers to the correlation. Explain. 


Example 

1 The next table illustrates the production of a summer crop (y) of the cultivated land (x) in 
feddan. 


lullivatcd land (x) in 
feddan 

50 

200 

no 

80 

120 

74.5 

MX.9 

5.7 

II 

3.2 

Production of (y) in kg 

140 

500 

1 

400 

L__ 

300 

356 

240.5 

200.6 

33 5 

69.8 

18.7 


First: find the regression line equation. 


Second: predict the value of the production in kg if the cultivated land is 100 feddans. 
t hird: find the error in the production if you know that the cultivated land is 120 feddans. 

^ Solution 

Solution by using the scientific calculator 


I* enter the data: 

Follow up the same method explained previously in Example (I) in the previous lesson 
(correlation) to enter the data. 


2-recall the products(results): 

Press the following buttons: 

Use the following buttons to find the results of the following operations: shut i ) (STAT) 
from the drop-down list and press the button Select ( .r 
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Regression 1-2 


A new list from I lo 8 (sums of results> appears and you select as follows: 

2 : £ x * 7433 

4 :Zv = 2259.1 

I :Ix J = 89017,19 

5 : Z x v = 254489,18 

First: we calculate the value of the constant h from the relation: 

. n£\y£x£v 

b • nr.i-.r^ 


10 • 254489.18 - 7433 * 2259 I 


=: 2.5637 


10 **<7433 ) - 89017.19 
we calculate the value of the constant a from the relation: a = y - b * 

n 


Where : 7 » — . 7 

n 


x = = 74.33 . y = = 225.91 

/. a - 225.91 - 2.5637 074.33 =r 35.35 


Note: 

The constant can he directly calculated as follows: 

V a = a = 22591 -(25637 - 7433) _ 35.35 

" 10 

ITte regression line equation is : y ■ 2.564 x - 35.35 

Second: From the regression line equation: y = a * b x 

V y = 2.564 x ♦ 35.35 . x ■ 100 

.\ y - 2.564 □ 100 ♦ 35.35 - 291.72 Kg 

The result can he checked using the calculator as follows: 

100 l—rt CD (STAT) CD (Reg) CD: y CD 


Third: To find the error in the production if you know that x= 120 feddans: 
V y = 2.564 x - 35.35 

y • 2.564 □ 120 * 35.35 - 343 

*.* Error = fTablc value - the value satisfying the regression equationl 
Error = I 356 - .3431 = 13 



Activity 


First: check live solution of the example above using (Microsoft Excel). 
Sccond:check the solution of the example above using the statistical program (SPSS). 


At Ashraaf Printing House 


Statistic* 


19 












First: using (Microsoft Excel) 

1 - start (Microsoft hxccl > and enter the previous data in the cells of the two columns a and b under 
the name x and y as two real variables or the real name of such data as shown in figure I. 

2- from the tool bar. press chart wizard to get chart type, then from the list xy scatter, press 
finish its in figure 2. 



figure (2) 


3* figure 3 illustrates the graphical representation 
of the points listed in the table and is called 
scatter diagram We select the figure shaded 
in black which appears here after changing the 
background as shown in the figure. 

4 - the values on the horizontal axis represent the 
values of X for the data and the vertical axis 
of the values Y. were, we arc going to find the 
regression line equation which is in the form: 
b\. 



figure 3 
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Regression 1-2 


5 - do a mouse right click on a point tin figure 4). the shown list appears where we select Add 
Trendline and by doing a mouse click, we get the following figure which appears in six 
scatter diagrams. We have selected the first scatter diagram as shown by shading in black as 
a proper choice. Since wc need the straight line, we use Option to identify the required by 
doing a mouse click where the following box appears: 
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figure (4) 



nmnrmn 



Omifw 



IwDtit 



*Mh~*+* 






in in w* tm 


6 - label Display equation on chart as shown in figure 5. 


7 - press OK to get the required: 

■ the figure showing the regression line is the 
moderate of the points representing the data pairs. 

b the regression line equation in figure 6. were, wc 
have moved the equation from its place in the 
figure above and changed the line to illustrate the 
matter. 

The following figure is the result of the operation and 
it shows the required especially the following 
equation: 

y =35.35 * 2.5637* 



figure (5) 


It is a regression line equation and it is the same equation which wc have got in the previous solution. 
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Using SPSS program 



(figure 7) 



Example 


2 M inin g, the following table shows the data about the average price of the oil barrel and the 
rates of ihe economic gmwih in a country within eight years. Required is to: 



First: graph the scatter diagram and show the type of the correlation. 


Second: find the regression line equation of the given data. 

Third: predict Ihe economic growth when the price of the oil barrel is $15. then when the price 
is $35. 

^ Solution 

First: the figure opposite represents the scatter 
diagram and it shows also the correlation is 
direct. 
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Regression 1-2 


%2 y: 


36 

0.91 

1296 

0.8281 

32.76 

40 

3.5 

1600 

12.25 

140 

36.2 

3.2 

1310.44 

10.24 

115.84 

31.1 

2.7 

967.21 

7.29 

83.97 

29.7 

23 

882.09 

5.29 

68.31 

16.3 

- 1 

265.69 

1 

- 16.3 

18.7 

-0.9 

349.69 

0.81 

- 16.83 

14.6 

- 1.6 

213.16 

2.56 

- 23.36 

222.6 

9.11 

6884.28 

40.2681 

384.39 


Hr* nn the table data: 


£> -911 Lx « 222.6 

Lx y * 38439 Tx 2 » 6884 28 
Second: we calculate the value of the constant b from the relation: 
b - n Lxy -L xL y 
n It* - ( Lx } 2 
8 -38439-< 2226 -9.11) 

8 - 2 ( 2226 )- 688428 ~° 1896 

V a = ***** ..a- 911.(01896- 2226) s _ 4AMa 

n 8 

A 

V The regression line equation is: y = a - b x 
y =0.1896 /. X - 4.1368 

Third: 

When x- 15 then: y -0.1896- 15-4.1368 = - 1.2928 

When x » 35 then : y = 0.1896 * 35 - 4.1368 = 2.4992 


Q Try to solve 

0 in a study to find (he relation between the income (x) and consumption (y) in thousand 
pounds, the results show that: 

Lx -120 , Ly -100 , Zxy-516 

Lx 2 =720 , Ly 2 = 410 . n =40 


■ find the linear correlation coefficient between x and y using the Pearson’s method and 
identify its type. 

b find the regression line equation. 

c predict the value of consumption (y) w hen the income is l(XMK) LE 
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Kirst: chi n isc Ihc correct answer: 

0 the statistical equation of the regression line equation where h is the regression coefficient is: 


y = a x + b b| y = a ♦ b x 

A A 

|e| y = a y 4 b <t|y=a»by. 

[2 if the regression line equation is: y = 2 - 0.5x then the value of y expected w hen x = 6 is: 


a 4 


b 5 


e 7 


d 8 


3 if the two points (11.5.10) and <6.5.5) lie on the regression line y on x. then the correlation 
between x and y is: 

■ direct b inverse c perfect d nihilistic 

4 ' if the two points <5 . 13) .and <14.4) lie on the regression line y on x. then all the following 
points lie on the same line except: 

• (15,5) b < 10 . 8 ) c <6.12) d (5.13) 

if all the points in a scatter diagram lie on a straight line whose slope is negative, then the 
correlation coefficient between x and y equals: 


1 m I b zero c 1 - 0.5 Id -| 

6 if all the points in a scatter diagram lie on a straight line whose slope is positive, then the 
correlation coefficient between the two variables equals: 

(a(|. | b /ero c \ d | 

Secontl: Answer Ihe following questions: 


7 the next table illustrates the relation between the two variables x and y: 



• graph the scatter diagram 


b find the regression line equation 


c predict the value of y when x ■ 12 
8 f rom the data in the next table: 


20 

33 

30 

40 

13 

15 

26 

7 

8 

9 

11 

4 

5 

8 


* predict the value of y when x * 35 
b find the error in y if x* 30 
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Regression 1-2 


in a statistical study to find the relation between two variables v and y. we have got the next 
data: 

n ■ 10,7 ■ 8.7 ■ 10 • £ * y ■ 870 . £ x 2 - 665 . £ y 2 ■ 1400 find: 

• I i near cone I at ion cocfTicient 

b regression line equation 

^ if: £x = 30 , £ y = 40 X x y = 162 

£ x 2 = 210 . £y 2 = 304 , n = 6 find : 
regression line equation 

b linear correlation coefficient between x and y and identify its type 


sales: In a market for selling used cars, the sales wen* as follows: 


car age :*> 

3 

2 

1 

1 

5 

6 

1 

4 

Sale price i y> 

54 

K0 

74 

98 

45 

40 

85 

60 


Find: 

• Pearson's linear correlation coefficient 
b Regression line equation 

1Z Frnnnmy the next table represents the monthly income lx) and the expenditure (y) for a 


group of families in hundred pounds: 


Income <x> 

38 

27 

39 

40 

56 

66 

42 

expenditure • v i 

19 

25 

20 

28 

31 

38 

27 


* find Pearson's rank correlation coefficient and identify its type, 
b find the regression line equation 

c Hstimate the value of the expenditure (y) if the income t x) is 5000 I.K 
d find the error in <y) if (x)= 40 

1J f amily to study the relation between the income (y > and consumption t x) in hundred pounds 
monthly in a city, a 40- family sample has been taken to give the following results: 
l‘x = 100. £ y a 120 . £ x y ■ 516 . £x2-4IO. £>-’= 720. 

• find the regression line equation 

b predict the family income whose monthly consumption is 700 I f 
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Unit summary 

1 Correlation is a statistical method by which the degree and the type between two variables 
can be determined. 

Scatter diagram j s a graphical representation of a number of the ordered pairs fx.y) to 
describe the relation between two variables 

Simple linear correlation is known as the measure of the degree of the relation between two 
variable 

Correlation coefficient is denoted by the symbol (r). It is a relatively quantitative scale 
measuring how much the two variables arc correlated where -I < r < I It is said that 
the correlation is perfect direct if the correlation coefficient r = I, is perfect inverse if the 
correlation coefficient r = * I and the correlation is not existed w hen r =0. 


2 

3 


zc 

ro | 

Inverse correlation 

ifirnl torrriilion 




correlation 

5 Pearson's linear correlation 


correlation 


hret*i t dirts t 
correlation 


n £v y L \ -Ly 


J n ZV - lE\)* J n Ly 1 -tlyi 2 

6 Spearman's rank correlation coefficient 

r = I - 

n<n J -I) 

7 Regression is a statistical method by w hich the value of a variable can be estimated in terms 
of the other variable. 


8 Regression line equation: y =a + l>X 

w here : 

a is the length of y-intercept 

b is the regression coefficient of y on x and it expresses the slope of the regression line on 
the positive direction of X-axis. 

n Ex y -Z x E y Zy-hlx 

- - . -— 

9 The regression line equation is used for: 

Predicting the value of y if the value of x is known 
Identifying the error which can be determined by the relation: 

Error = I Table value - the value satisfying the regression equation I 
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(icncral exercises 



First: choose the* correct answer: 

The strongest inverse correlation coefficient of the following is: 

(• -0.9 b -0.5 b) -0.1 Id zero 

a The smallest correlation coefficient of the following is: 


- 1.1 b -0.9 b 0.12 I d |.02 

s' the figure shows a strong inverse correlation between \ and y is figure: 



^ v U 

4 If the regression line equation is: y =3 x then the type of the correlation between the two 
variables x and y is: 


• perfect direct b non-correlation c nihilistic d perfect inverse 

D 

It the regression line equation is: y = 7 - 0.8. then the value of y expected when x = 5 is: 


■ 2 b 3 e 5 d 7 

6 If the two point (2. 8 ) and (7.3) lie on the regression line of y on x and the correlation is 
perfect, then the linear correlation coefficient equals: 

■ - I b zero c)l d | 


Second: Answer the following questions: 

CO If 


£ x ■ 50 £ y « 40 n » 10 

£ xy- 213 £ x 2 - 298 £ y 2-l76 

Kind the value of Pearson's correlation coefficient between the two variables and identify its 
type and degree. 

> Prom the data of the following table: 



7 

3 


8 

14 


9 

15 


calculate Pearson’s correlation coefficient between the two variables and identify 


10 
21 

its type. 
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9, From the data of the follow mg table: 


32 

25 


42 

34 


40 

35 


35 

30 


31 

17 


46 

28 


50 

42 


33 

19 


Calculate Spearman's rank correlation coefficient between the values of x and y and identify 
its type. 

10 From the data of the follow mg table: 


excellent 

good 


good 

weak 


Very good 
pass 


Pass 

excellent 


weak 

Very good 


good 

pass 


Calculate Spearman's rank correlation coefficient between x and y. 
it Ifarip: the next table illustrates the sales x and the profits y forab- company group. Required 
is to calculate Pearson's correlation coefficient between the si/e of sales and the profits. 


Sales x 

500 

600 

400 

480 

550 

100 

Profits y 

300 

400 

250 

200 

400 

90 


12 From the data of the follow ing table: 



15 

6 


12 

6 


14 

9 


8 

5 


■ Calculate Pearson's linear correlation coefficient between the two variables and identify 


its type. 

b Find the regression line equation, then predict the value of y When x -7. 


H Iode 

To study the relation between the quantity (y) of an item and the price (x) in I.F.. we have got 
the next data: 

lx-49 .£y-77 . T x y - 609 . Ex 2 -371 . Zy 2 -I049 . n - 7 find : 

• Pearson's linear correlation coefficient between the quantity required and the price: 


b Hslimatc the quantity ( y ) When the price is 21 LE. 


14 the next tables illustrates the age of a person and the number of training hours. 


Age 

20 

25 

33 

37 

50 

58 

number of training hours 

10 

6 

3 

2 

15 

1 


a Find the regression line equation 

b Predict the number of training hours when this person is 40 years old. 
c Calculate the error when this person is 33 years old. 


For mure activities and exercises www sec3matherr»atics com eg 
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Accumulative test 



Accumulative fast 



Short answerd questions 

First: choose the correct answer (From 1 to 10): 

1 y the sum of the values whirsc mean is 8 and their number 7 equal: 

(•40 b 56 C 60 Id 80 

2 the figure representing a direct relation between x and y is: 



b 


c 


d 


[t] The relation between the square side length and its area is a correlation: 

• strong direct b strong inverse c perfect direct d perfect inverse 

«' If the two variables increase or decrease together, the correlation between them is 

■ direct. b inverse. c non-linear. d nihilistic. 

C»' The correlation coefficient of a digital scale whose value ranges between 

(• |0. I| b |. | . || e (. | . |) Id |. | . ||-{0) 

• The variable required to be estimated in the regression line equation is called a (n) 
variable. 

■ independent b dependent c direct d inverse 


Second: (Jive the reason: 

The sign of regression coefficient refers to the type of correlation (direct or inverse). Explain. 


Long- answered questions: 6$ 66 67 67 68 69 

• from the data in the opposite table 70 72 68 64 68 67 

• Find the linear correlation coefficient between the two variables \ and y and identify its type. 

A 

b Predict the value of y when x = 62 
c Calculate the emir in y if x = 66 

The next table illustrates the relation between a driver’s age and the number of the traffic 
tickets he got in a year. 


Driver’s age (x) 

45 

28 

52 

24 

56 

32 

63 

number of traffic 
tickets <jr) 

4 

7 

2 

7 

2 

5 

1 


38 

3 


■ Find the rank correlation coefficient between x and y 
b Find the regression line equation of y on x e F.stimaten y if x = 40 
•* Calculate the error in y if x * 38 
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Unit 


2 


Conditional 

Probability 




Wc have previously known 
that statistics » a branch of 




I, 


in nrtlcr In 

proper decisions f«» a certain phenomenon 
The probabilities are considered the mathematical 

background for the statistical methods. long ago. the researchers used the probabilities fur social, economic and 
health) reasons. 

The probability has been founded as it it today by a great number of scientists such as the French scientist 4 Pierre 
Simon Laplace- 1749- 1827). the English scientists (lie Morgan IWWc 1871). iJohn Vm 1834-1923) and the 
Russian scientist (Andrei Marios 1856-1922) and others. 



It » north mentioning that the applications of statistics and probability are much in the educational. 

social and economic fields In this unit, we are going to learn the conditional probability between 
w two events, its theory and its applications in the different daily life situations Besides, we w ill 


By Ihr end of Ihe unit and carrying out the involved activities, the students should he able to 

Identify the mutually exclusive events and events Identify the independent and dependent events 


are not mutually exclusive 


Apply the conditional probability in Ihe different 
daily life situations 


Identify the conditional probability 
Deduce theories on the conditional probability 
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Key Terms 


MuruoAV EnuA/ibtr tvtnti 
fwwif* ot* not mutually tuckn** 
Conditional probability 



Lessons of the unit 


5 

Materials 


l.csson (2- h: Conditional prohab«lit> 
Lomm( 2-I): Independent event*. 


■J 


Unit planning organizer 



Conditional probability and its applications 
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Unit Two 


2 - 1 


Conditional Probability 



Introduction: 

You have previously learned to calculate the probability of an event (let it be A) of a random 
experiment by knowing the relation between the number of the elements of this event n( A) and 
the number of the elements of the sample space of the random experiment n(S) through the 
relation 


P( A) (the probability of occurring even A) = 


the number of outcomes in event mA) 
the number of outcomes in sample space rXs> 


Mutually Exclusive Events 

Of your study to the probability, you have learned that the mutually exclusive events are the 
events which cannof occur at the same time because w hen an event ixvurs. the other events are 
hindered to occur. This means that there are not common elements of the elements forming them. 


Mutually exclusive events: 

They arc the two events w hich do not share in any element and their 
intersection is the null set 0. 

If A and B arc two mutually exclusive events, then A n B = 0 
.-.PlAn B)=Zrm and P(A U B) = P(A) ♦ P(B| 



Events are not Mutually Exdustve 

They are the two events in which if an event occurs, it does not trap the occurrence of the 
other!there arc common elements between them).Then. 

(1) P(AUBi=B(A)+P(B)*P(AnB) 

(2) P( A )=l - P(A> 

(3) P( A B) = P(A) P(AnB) 

(4) P(An B i = P( A - B) = PIAPPIAOB) 

(5) P(A'nB|>PlB-A)>P(B)-P(ADB) 



Materials 
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Conditional Probability 2 • 1 


Conditional Probability 

If A and B are two events from S. sometimes the information is available that an events such as B 
has been occurred P < B). in this case, the occurrence of the event B may affect the probability of 
occurring the event A. The probability of occurring the event A in condition of occurring the event 
B can be calculated by knowing the relation among the outcomes of the event A or the outcomes 
of the event B. 

Introductory example: In an experiment of rolling a regular dice once, the sample space S is : 
S = {I . 2. 3. 4. 5. 6} . If the event A = {I . 2. 3) is the event of the appearance of a number 
less then 4 

It becomes clear that: P< A) = J*AL = ^ i 

ntS) 6 2 

If the event B = {2. 4.6) is the event of the appearance of an even number. 

We ask: What is the probability of occurring the event A. if we know that the event B has 
already occurred? 

In other words: whal is the probability of getting an even number less than 4? 

We notice that the given condition reduces the sample space into set B = {2, 4. 6} 

Then, the event matching the appearance of an even number isAOB = {2> 

And the probability required is: ^ A ^ 1 = { ' = ! 

Pi Bi 6 2 3 

This example shows us how the probabilities of some events differ in regard to the difference of 
the sample space. 

Learn 

Conditional Probability 

If S is the sample space of a random experiment and A and B are two events of this sample space, 
then the probability of occurring the event A in condition of occurring the event B is denoted by 
the symbol P( Al B) and read as the probability of occurring the event A in condition of occurring 
the event B. it can be determined by the next relation: 

P(AIB) = . RA n B - ) - where P<B)>0 
PfB) 

Notice that: the conditional probability has the same properties of the unconditional one. 

1- 0< P (A I B> < I 

2- P(S I B> = - p lg n g2 . *gj = | 

PiB) It Hi 

3- If A, fl A 2 ■ ^ then. P|< A,UA,)IB| - P<A,IB>* PlA : IBi 

Regard the following: 

3 P(A I B > # P(BIA) 

3 P( AIB)« I -P(AIB) 

SIMA n B) = P(AIB>* P(B> in a condition P(B) >0 
3P(A fl B) = P((B I Al * P(A) in a condition Pi At > 0 
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^ " mP the conditional probability 
1 A regular die has been rolled once calculate the probability of 
appearing the number 2 known that the number appeared is even 


^ Solution 

Let the sample space S« { 1.2.3.4. 5.6}. A» {2}. B ■ { 2.4.6} 
Then. PtB) « J | , P(A n B) ■ P(A) ■ | 

O i D 

V P (A I B )= -ft 1 *- 0 - B -I 
PtB) 



In I hr nndmnml 
prtihaMlMv ontirr Ikal 
Ikr tvnl ilkr Ikr phrnr 
(HIM t% (hr |inttwMHt> 
"1 1 iv Ikr (inl< *»mti 
»r Marl *Mk awl ikr 
oral aril la Ikr pkraar* 
■ kauwa Ikal A. IT A, if 
lawn that a awl mi tml 
h Ikr conditional nrM. 


Itic probability of appearing the number 2 known that the number 
appeared is even is ' 


□ Try to aolvoi 

Jy A regular die has been rolled twice. What is the probability the number of points in the first 
roll is not more than 4 if you know that the absolute difference between the two number 
appeared equals 2? 


^ **" mP * # Doing the operations 

2 If A and B are two events of the sample space w here P< A) = 0.45 , P(B) = 0.6. P(B I A) = 0.H 


find: 


PtA n B) b P(AuB) 


c P(AIB) 


d P(BIA) 


O Solution 

* v PtB I A) » Pi B n A L 
I* (A) 

.*. 0.8 - * AnB) PtA n B) ■ 0.8 X 0.45 ■ 0.36 
0.45 

b V Pt A U B) » P< A) * PtB) - PtAOB) 



PtlinA) = P<AnB) 


Pt A U B) = 0.45 * 0.6 - 0.36 = 0.69 

c P(A I B> = n B * = = 0.6 

PtB) 0.6 

Notice that: P(AIB) / PiBIA) 


PtAUBla 

P(A) + PiB|- PtAfl Bi 

PtA- B>» 

PtA) - PtAnBi 



A B 
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Conditional Probability 2*1 


Ui Try to aotvo 

'l) If A anti B arc 
PiB> = 0 25 . 
■ P( A I B) 
c hA'IB) 


two events of the sample space of a random experiment S where Pi A) = 0,7 , 
P|A-B) = 0.45 find: 

b PlBIA) 
d Pi A’IB’) 



Example 



From the data 


Harmonic tables 

in the next table: 



Find the probability of a woman wearing glasses has been randomly chosen 


^ Solution 

Let n<S)= Number of people under sludy=2000. 


A is the event that the person chosen is a woman. 


B is the event that the person chosen wears glasses. 


Pi A n Bi- 
PlB) 


JIM) 

21X10 

1200 

2IMI0 


1 

5 

1 

5 


Required is to find the probability of A know n that B has already occurred, i.c. Pi A I B) 

V PI AI B)= - P(An . B L 

PiB) 

PIAIB)- A ♦ £ - ± 

The probability of a woman wearing glasses has been randomly chosen is 

Q Try to aotvo 

i] In the previous example, find the probability that: 

• A man does not wear glasses is randomly chosen, 
b A woman or man wearing glasses is randomly chosen. 
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Example 


Tree diagram 


4 A hag contains 10 while halls and 15 red halls. Two halls have been consecutively drawn 
without replacing. Wlial is ihe probability ihe two draw n balls are white? 


^ Solution 

In this example, we notice that drawing the balls has been 
conducted consecutively. As a result, it is subjected to the 
order. In other words, the second drawing is conditioned 
by the occurrence of the first drawing. This example can 
be represented by the tree diagram as shown in the figure 
opposite. 

I.ct A denote the event that the first drawn ball is white 
and B denote the event that the second drawn ball is w hite. 



I.et (B I At denotes the event of drawing the second ball in a condition the first hall has 
already been drawn. 


and let (A ft B l denotes the event of drawing two white balls.. 

V Pt H I A) = hBn A) 

P<A> 

. _9_ (A O Bi 
” 24 " 10 

.•.piadb.-'a » g - i 

The probability the two drawn balls arc white is ^ 

Q Try to molvo 

4 In the prev ious example, find the pnohahility the two drawn halls arc red. 



Example 


Education 


S 100 learners arc studying in a language institute. The number of learners studying English is 
60. the number of Ihe learners studying French is 50 and the number of the learners studying 
both languages is 55. If a learner has been randomly chosen from the institute, find the 
probability the learner studies: 


> a language at least, 
b English if he (she > studies French, 
c French if he (she) studies English. 
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^ Solution: 

The data of this problem can be explained using the Venn 
diagram as shown in the figure opposite. 

Let the following events be as follows: 

The learner studies English = A 
The learner studies French = B, then: French English 

PtA) = = 0.6 . P(B) — -jqq = 0.5 .PtA n B) = = 0.35 

* The probability the learner studies a language at least is Pt A U B) = Pi A) - PtB) - Pt A H B) 
.’.PIAUB) = 0.6 ♦ 0.5-0.35 = 0.75 

l.e. the probability the learner studies a language at least is 0.75 

b the probability the learner studies English if he (she) studies French = Pi A I B) 

V It A I B) , , P(An g> 

PBi 

.\P(AIB)=^f =0.7 

l.e. the probability the learner studies English if he (she) studies French is 0.7 



c the probability the learner studies French if he (she) studies English = Pt B I A) 

V P(B I A) ■ P<B nA) 

Pt Al 

P(BIA) = ^ ~ 0.583 

l.e. the probability the learner studies French if he tshe) studies English is 0.583 
approximately. 


| Try to tolvt 


5^ Two players A and B shoot ut the same time towards the goal. If the probability the player 


A scores a goal = ~ . the probability the player B scores a goal = j. and the probability both 

>1 ‘4 

players A and B score together = ^ . Find the probability of: 


.1 


• Scoring a goal. 

b Scoring a goal by player A if player B scored a goal, 
c Scoring a goal by player B if player A scored a goal. 
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Exerci 


2 • 1 


m 


First: Choose the correct answer: 

1 in an experiment for tossing a regular coin twice, the probability of appearing Tail in the 
second loss if Head appears in the first loss equals: 

d i 


a 1 

4 


-! 


• i 


in an experiment for rolling a regular die once, the probability of appearing a prime even 
number greater than I is: 


• i 


b = c 4 d ^ 


5 5 5 

3 in an experiment for rolling a regular die once, the probability of appearing (he number 3 
known that the appearing number is odd is: 


1 


6 5 


• i 


• i 


ifP iaoB i * % 

a 1 

Pt A) * 

4 

5 

. then P(B 1 A)» 


b A 

c 1 

d 2 

2 

25 


4 

5 

If Pt A1 B) = \ . 

P(Bi = g 


then Pi A O Bl = 


a A 

b 1 


e £ 

d 1 * 

25 

4 


36 

25 


Second: Answer the following questions: 

6 If A and B arc two events of the sample space of a random experiment S where Pt A) = 0.4 


PtBi = 0.7 , P(AI B) = 0.3 find: 

■ PtAnB) b p(AUB) 


d PtAlB) 


c PiBIA) 

7 If Pt A ) = 0.4 P<B) = 0.5 . P( A U B) = 0.8 find Pt AI B’> 

■ If PlB I A) = * . PtBIA) = * . PtA> = ^ find 
• PtAnB) b PiAuB) 

9 A die has been rolled once. Calculate the probability the appearing number is a prime 
number in a condition the appearing number is an odd number. 


10 in an experiment of rolling two different dices once, find the probability: 

• the appearing number on the second die equals 4 know n that the appearing number on 
the first die equals 2. 

b the sum of the two appearing numbers is even know n that the appearing number on the 
first die equals 6. 

11 If the probability of a student to succeed in an exam is 0.7 and the probability to travel 
abroad if he succeeded is 0.6. What is the probability of his success and traveling abroad? 
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12 A 45- student class; 27 students study French. 15 students study German ami 9 students 
study both languages A student is randomly chosen, calculate the probability the chosen 
student studies: 

* a language at least. b French if he (she) studies German. 

c German if he (she) studies French. 

13 two different dices have been rolled once, find the probability of the follow ing events: 

* the appearance of number 2 on the two faces together known that the same number 
appeared on both of them. 

b the appearance of number 5 on the two faces togelher know n that each of the appearing 
number is greater than 4. 

e the non appearance of number 3 on any of the two faces known that the two numbers 
appeared are odd. 

14 spinning w yfieet, A spinning wheel has been divided into 8 equal circular 
sectors from I to 8. What is the probability the gage lands on the number 5 
if known that it has previously landed on an odd number? 

15 the next table illustrates the numbers of the sports teams participating in different games: 


Sport* gsme 

Hand ball Soccer Volleyball 

Basketball Hockey ball 

Numbers lit 

psrtiripatinx teams 

A game is randomly ch 

4 

osen. What is 

10 6 

the probability the game is 

7 

3 


■ Hockey ball known that it is not of Volleyball games? 
b Basketball know n that it is neither of soccer nor Hand ball? 

16 a random sample made up of 30 male students and 20 female students to answer some questions related 
to economy and consuming the energy has been chosen and their answers have been as follows: 


Answer 

Yea 

No 

Uncertain 

Total 






Male students 

20 

6 

4 

30 

Female students 

IS 

3 

2 

20 


A student is randomly chosen. What is the probability tin? student chosen is a female given 
that her aaswer is "Yes'*? 

17 A box contains 5 white balls and 7 black balls. If 2 balls have been consecutively drawn 
without replacing, find the probability:: 

• the second ball is white if the first one is white, 
b the first ball is white and the second one is white, 
c the second hall is black and the first one is w bite. 
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1* Karim and Ziad compete for the presidency of the student Union at their school in three 
classes, and the following table illustrates the votes obtained by each of them: 



first class 

Sccxmdrian 

Third class 

Total 

Karim 

196 

174 

130 

500 

Zi*d 

240 

165 

135 

540 


A student is randomly chosen, What is the probability the student chosen:: 
* voted for Karim known that the student is from the third class, 
b voted for Ziad known that the student is from the second class. 


t9 A job has been announced for and 100 people have applied for this job. If their data have 
been ordered as follows:: 


UnqaaWWd 


Married 

Single 

Stair 

3 

12 

female 

10 

5 


Qualified 


Married 

Slagle 

Stale 

40 

10 

female 

10 

10 


• calculate the probability the employee chosen is married in a condition he (she) is 
qualified. 

b calculate the probability the employee chosen is married and qualified, 
c calculate the prohabi I it y the employ ee chosen is married in a condition het she )is unqual ifted. 

20 In the final year exam. 30*4 of the students have failed in chemistry, 20** have failed in physics 
and IV* have failed in both chemistry and physics. A student has been randomly chosen. 

• what is the probability the student fails in physics if he (she) has already failed in 

chemistry? 

b what is the probability the student fails in chemistry if he (she) has already failed in 
physics? 

c find the probability the student fails in chemistry in a condition he (she) fails in phy sics, 
d find the probability the student succeeds in physics in a condition he (she) succeeds in 
chemistry. 

21 Activity Use Venn diagram: 

A and B are two events of the sample space S where Pi A) = 0.7 PtB) = 0.4 P( A ft B) = 0.2 

• represent the previous sets using Venn diagram and write down the probability of these 
events to occur t»n the graph. 

b find the probability of the follow ing events: 

f irst: the occurrence of event A in a condition event B do not occur. 

Second: the occurrence of event B in a condition ev ent A do not occur.. 
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2 - 2 


Unit Two 



Think and discuss 


Meditate I hr following exam pics 

1 - tossing a coin and rolling a die once. 

2- a student has succeeded in mathematics and chemistry. 

3- a hall has been randomly drawn from a box containing 10 balls, then it has been turned hack 


to the box and another ball has been drawn. 

4- a student has succeeded in the physics lab-exam and in physics. 

S' a ball has been randomly draw n from a box containing 10 balls w ithout turning it back, then 
another ball has been drawn. 

What do you notice? 

From the first three examples, we notice that: 

1 - the outcomes of the coin do not affect the outcomes of the dice . 

2- the success or failure of the student in mathematics does not affect his (herl success or 
failure of the student in chemistry 

3 - returning the first ball to the box after draw mg it does not change the number of the balls, so 
the first draw does not affect the second one. 

As u result, the exents in each example of the first previous three example's are called the 

independent exents. 

4' the success of the student in the physics lab-exam affects the success in phy sics. 

5- w hen a hall has been draw n from the box w ithout reluming to the box it affects the number 
of the balls in the box and so the first draw affects the second draw. 

As a result, the exents in examples (4) and (5i are called the dependent exents. 



independent events 


Learn 


It is said that A and B are two independent exents if and only if 
* P(AnBl = l’lA) PiBl. 

I.e. the probability of occurring two independent events together equals the probability of 
occurring the first event multiplied by the probability of occurring the second event 


Materials: 


3 Scientific calculator computer 
graphs. 
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It is noticed that ir the two events A and B are independent and PtB) f 0 

then Ft A I Bl = P( A ) I.e. the occurrence of an event docs not affect the occurrence of 

the other event. 

For example: a regular coin has been tossed twice and the frequency of occurring the Tail and 
Head has been noticed . then: S » { (H. H). (H, T), (T. H). (T. T)> 

So the probability of any of the outcomes = J 

Let event A represent the appearance of tail in the second time = {<H , T). (T. T) } 
and event B represent the appearance of Head in the first time = {< H , HI, (H . T>} 

(hen P(A I B) » p(An ? > = _i_ = 1 = P(A> 

PtBi 1 2 

2 

I.e. the occurrence of event B does not affect the probability of occurring event A. In other 
words, the probability of event A docs not depend on knowing that the event B is occurred or 
not. Thus, we say that the two events A and B arc independent. 

Notice that: The mutually exclusive events A and B are independent if and only ifP(Al*PtB)«0 
In other words, if and only if the probability of A or the probability of B equals zero. 

Enampl* 

1 w hat is the probability of appearing Head and number 5 in an experiment of tossing a coin 
once, then rolling a dice? 


^ Solution 

The tree diagram can be used to write down the sample space. We notice that w hen the coin 
is tossed, it docs not affect the sample outcomes of rolling the dice. This means that the two 
events arc independent. 

let A event of appeanng Head, then P < A) = [ . B = event of appearing number 5. then Pt B) = ^ 

VP(AOB) = P(A) x P(B) /. PfArtBl s £ * £ 3 

/. The probability of appearing Head and number 5 is p, 


II 


1 2 3 4 5 


I 2 3 


Note. The probability of appearing 
Head and number 5 can be found 
directly by writing down the sample 
space as shown in the figure opposite. 

S-{(H.I).(H.2).(H 3 ).(H. 4),(H. 5),(H. 6),(T. I).(T. 2).<T. 3|.(T. 4). (T. 5>. (T. 6>} 
The event of appearing Head and number 5 = {(H , 5)} 
and The probability of appearing Head and number 5 = p 


a Try to oolvei 

0 in the previous example, find the probability of appearing Tail and a prime number. 
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Independent Events 2 - 2 



Example 


2 If A and B are two events of a sample spate of a random experiment S and PtA)=0.5. 
hBMI.ft and F( A U B| ■ 0.8. Explain if A and B are two independent events. 


^ Solution 

vPlAnBl«P(A|* P(B)*P(AUB) 

P(AO B)-0.5 ♦ 0.6-08-03 (1) 

VPtA)"P( B) = 0.5DO.6-0J 421 

From ( 1 1 and (2). A and B are two independent events. 


Notice that: To show the difference between two mutually exclusive events and two independent 
events, we study the next example: 

We know that when we toss a regular coin once, the sample space S={H. T} 

We also know that P4 H) = \ and P(T| - 1 

Furthermore, we know that the two events II and T are two mutually exclusive events because 
the occurrence of an event negates the occurrence of other event. 

P(HOT) = zero. P<H nT) * PtH) * P(T) 

l.c. FI and T arc two mutually exclusive events but they are dependent 


Q Try to aolv* 

a; If A and B are two events of a sample space of a random experiment S where S= {1,2.3,4.5,6} 
A = {2. 3. 5.6} and B {1.4. 5.6). Are A and B two dependent events? Explain. 



Example 


i insuiante. a man and his wife have insured their life at a life insurance company. If the 
company has estimated the probability that the man w ill live more than 20 years to be 0.2 
and the probability that his wife will live more than 20 years to be 0.3. find the probability 
that: 


■ Hie man and his wife w ill live more than 20 years together, 
b At least one of them will live more than 20 years, 
c Only one of them will live more than 20 years. 


^ Solution 

l.ct A be the event that the man will live more than 20 years Pt A) = 0.2, 

B the event that the wife will live more than 20 years PtBl = 0.3 

■ The probability that the man and his wife will live more than 20 years together = Pi A n B) 

V P(A n B) = P( A )OP(B) P(AnB) = 0.2 *0.3=0.06 

b The probability that at least one of them will live more than 20 years ■ Pt AU Bl 

V PlAU B)« P( A ) ♦ P«B|- P(AO B>.\ P|AUB|.()2 .0.3-0.06-0.44 
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c The probability that only one of them will live more than 20 year* ■P(AUB)-P(AnB| 
PlAUB>-P(AnU)« 0.44 - 0.06 • 0.38 


Q Try to tolv* 

3 Shooting, two soldiers A and B have shot a missile in the direction of a target. If the 
probability soldier A shot the target is 0.6 and the probability soldier B shot the same target 
is 0.5, find the probabilities of the follow ing events: 

• Shooting the target by soldier A and soldier B together, 
b Shooting the target by a missile at least. 

c Shooting the target by one missile only, d No one Shot the target. 



Example 


4 Qtauving with replacing A hag contains 6 blue balls and 4 red balls. A ball is randomly 
drawn, then it is turned back to the bag. then another ball is drawn. What is the probability 
» the two balls are red in the two times b the two balls are blue in the two times? 
c the first ball is red and the second is blue? d one ball is red and the other is blue? 


^ Solution 

a As long as the process of drawing the ball is accompanied with replacing, the two events 
are independent. 

Let S= Sample space. A= drawing the ball First time and B= drawing the ball second time. 

n(S)=IO, Pf A) - ^ PtBi = ^ < since the drawing is with replacing > 

VP(AnB> = P(A) * P(B) .-. P(A n B) = jjj * Jj) =1^) = 2 is 


Similarly: 

b The probability the two balls are blue in the two times = 
c ‘Hie probability the first ball is red and the second is blue 



A _ JA - 

10 100 


10 


100 


± 

23 

. A 

~ 25 


d 


The probability one ball is red and the other is blue = the probability the first ball is red 
and the second is blue * the probability the first ball is blue and the second is red 


A. 

10 



A 

10 


x 


4_ 

10 


12 

25 


Q Try to solve 

4 The probability of rising the stock market index in a country 4 A)equals0.84 and the probability 
of rising the slock market index in a country <B> equals 0.75. What is the probability the 
index of the two stock markets of the two countries A and B rises? 



Learn 


Dependent events 


A and B are two dependent events if: 


P4AO B> * P( A) «PlBl 


because we know from the conditional probability that: 
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Independent Events 2 - 2 


P( A I B ) = P(A O B) p,B)#0 
PiB) 

P( B I A) ■ hAnB > P( A ) / 0 
P(A) 

I.r. it can be written as P< AO B) = P(A I B) * P(B) 

> P(B I A)<P(A) P(A)*0 P(B)#0 

In other words, the two events A and B are dependent if the pn>babilHy of the occurrence of one 
of them affects in a way the probability of the occurrence of the other event. 


Probability of dependent events: 



Example 


5 IfS is the sample space of a random experiment w here S = {I, 2, 3.4.5.6, 7, 8}. 

A = {I. 2.4. 8} and B ={2.5. b, 7}. Arc A and B two independent events? Explain. 


O Solution 

Vn(A)«4 .\P(A)»|«4 , V n(B) = 4 .\P(B) » | » ^ 

V A ft B ■ {2} /. PtAnB) = J (1) 

V P(A) * P<B) ■ i * 2 " 4 <2) 

From 1 1) and (2i. PlAn B) / P« A ) * P<B) so. A ami B arc two dependent events. 


Q Try to sotvo: 

i) In the previous example If C = {2. 3.4. 7}. Are B and C two independent events? Explain. 


Drawing without replacing: 



Example 


6 A bag contains 6 blue balls and 4 red balls. If two balls are drawn one after another without 
replacing. What is the probability: 

• the two balls arc red? b the two halls arc blue? 

c the First ball is red ami the second is blue? 


^ Solution 

This example is similar to example (3) but the difference is that drawing the halls is conducted 
w ithout replacing. So. the two events arc dependent. 

• if the two draw n balls are red. then 

The probability the First drawn ball is red and the second is red * 

the probability the second drawn ball is red after draw ing the First red ball • The probability 

the First draw n hall is red 
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b 


if (he (wo draw n balls are blue, (hen: The probability (he firs( drawn hall is blue and (he 
second is blue * ^ ^ 


c 


The probability (he firs( drawn ball is red and (he second is blue = 


The probability' (he firs( drawn ball is red * The probability (he second drawn ball is blue 


in a condition (he first drawn ball is red 

.l x 4.1 

“10 9 15 


Outcomes of 
first draw 


Outcomes of 
second draw 


Ihe tree diagram can be used as shown in 
the figure opposite to find the outcomes of 
the dependent events. 

Q Try to solve 

6 a bag contains 3 red balls and 5 black halls. 
Two balls are drawn one after another 
without replacing What is the probability: 

• the two balls are black? 
b the first ball is black and the second is n 
c one of the two bulls is red and the other 



9 


is black? 


^ fcwcl—1-1 

which of the following events is independent and which is dependenf > 

* tossing a coin, then rolling a die once. 

b a card is draw n from a bag w ithout replacing, then another card is drawn from the same bag 
c a ball is drawn from a bag with replacing, then another ball is drawn from the same bag. 
d a football team reaches the semi-final match. If it wins, it will play the championship 
match. 


e choosing a name by lot without replacing, then choosing another name 
f choosing a ball from a bag and placing it in another place, then choosing another ball 
from the Same bag. 

9 k a re m participated and succeeded in the cultural competition on Monday and 
participated and succeeded in the scientific competition on Thursday, too. 


Choose the correct answer: 

2 If A and B arc two independent events, Pt A) = 0.2 . Pi B> = 0.6. then P( A U B) = 

a 0.12 b 0.32 c o.fcK Id 0.8 

yjy If A and B are two independent events Pt A) ■ 0.25 Pt B> ■ 0.4. then Pt A - B> ■ 
<• 0.1 b 0.15 c 0.3 d 0.65 
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Independent Events 2-2 


4/ If A and B are two independent events P( A) = 0.3. P(B) = x. Pt A UB) = 0.72 then x equals: 

(• 0.24 b 0.28 e 0.4 d 0.6 

Answer the following questions: 

S Wh;it is the probability of appearing Head and number 3 if a coin is tossed then a die is rolled 

once? 

* What is the probability of getting Tail 4 times if a coin is lovsed four consecutive times? 

7^ A regular die is rolled once. And A is the event of appearing an even number and B is the 
event of appearing a squared number. Arc A and B two independent events? Explain. 

'.%] If A and B are two events of a sample space of a random experiment and P(B) = 0.3 , 
Pt A U B) = 0.5 find the value of P< AI if a and b are: 

■ Two mutually exclusive events. b TWo independent events . 

9 A bag contains a set of marbles distributed as follows: 2 red. 3 green and one blue. A marble 
is randomly chosen w ith replacing, then another marble is chosen. Find the probability the 
two marbles chosen are green. 

10 In the previous question, if a marble is randomly chosen without replacing, then another 
marble is chosen, find the probability the first marble chosen is blue and the second is green. 

1 \ A hag contains the following balls: 6 red. 4 orange. 3 yellow, 2 blue and 5 green. A ball is 
randomly chosen without replacing, then another hall is chosen. 

Find the probability the balls chosen are: 

■ Red and blue. b Red and yellow-. c Red and red. <* Orange and blue. 

11 Two soldiers A and B have shot a bullet in the direction of a target. If the probability the first 
soldier shot the target is 0.4 and the probability the second soldier shot the same target is 0.7, 
First: find the probabilities of the following events:: 

■ The two soldier shot the target together, b At least one soldier shot the target, 

c Only one soldier shot the target.. d At most one of them Shot the target. 

Second: If you know that one soldier at least shot the target, find the probability the soldier 
A only shot the target. 

3 4 If A and B are two independent events, prove that ail the following event pairs are also 
independent. 

(■ A .B' b A'. B « A. B' 
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Unit summary 

1 calculating the probability of an event < say A) 

the number of outcomes in event nlA) 

P< A) (the probability of occurring even A) =- 

the number of outcomes in sample ms) 

2 Mutually exclusive events: They arc the two events which do not share in any element and 
their intersection is the null set <f> . 

If A and B are two mutually exclusive events, then A n B = 0 
P(An B) =Zeroand P(AU B)■ P(A)♦ P(B) 

3 Events are not mutually exclusive: They arc the two events in which if an event occurs, it 
docs not trap the occurrence of the othen there are common elements between them) then. 
P(A UB)a P(A)♦ P(B) -P(AnB) 

4 Comlitumal pntbability: If S is the sample space of a random experiment and A and B are two 
events of this space, then, the probability of occurring the event A in condition of occurring the 
event B and it is denoted by the sy mbol P( AIBl and read as the probability of occurring event 
A in condition of occurring event B. it can be determined by the next relation: 

P<AIB) ■ n B >_ W herc P(B) > 0 
PlBl 

5 the two independent events : It is said that A and B arc two independent events if and only if 
P(AO B) = P<A)» PtB). 

I.e the probability of occurring two independent events together equals the probability of occurring 
the first event multiplied by the probability of occurring the second event 
It is noticed that if lire two events A B arc independent and Pi B) # 0 
then P|A I B) - P( A) 

i.c. the occurrence of an event doesn't affect the occurrence of the other event. 


6 Dependent events 

A and B are two dependent events if 


PtAnni^Pi a)*p< id 


because we know from the conditional probability that: 

PI A I B> = RAnB) In condition P(B) * 0. 
PtB) 

PlB I A) » n !*lln condition P(A) * 0 
P<A> 

I.e. it can be written as: P( A D B ) = P(A I B) « PtB) 

a P( B I A)xP(A) 


P< A) *0.P<B) f 0 


In other words, the two events A and B arc dependent if the probability of the occurrence of one 
of them affects in a way the probability of the occurrence of the other event. 
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Independent Events 2-2 


Gcntfil «xercl»e* 


Choose the correct answer: 

Cl) If A and B arc two mutually exclusive events. ft A >= 0.2 and ft B' )= 0.6. then P( A U B > = 
(• 0.4 b 0.6 c 0.8 d |.2 


l) If AC B , P(A’) ■-j^ and P(B> « then Pt AI B) equals: 

b 


i 

5 


1 

5 


e i 


20 


Cl) If A and B are two independent events, ft A>» 0.2 and ft B)» 0.5, then ft A O B) ■ 
!• 0.7 b o.4 (e OJ d o.l 


C«) If S={A.B.C} and A.B and C arc mutually exclusive events where PtA)= 0.25 and 
P(B>= 0.4, then P<C) = 

■ 0.1 b 0.15 e 0.35 IB 0.65 


C») If A and B are two independent events of S where P(B)« 0.6 and PlAUBl* 0.68. then P(A) ■ 

• 0.2 b 0.3 e 0.4 d 0.5 

* In an experiment to draw a ball randomly from a box containing 10 red halls numbered from I to 10 
and 5 blue balls numbered by the odd numbers from I to 9. A ball has been randomly drawn from 
the box and it is found that the ball is red What is the probability the ball drawn is numbered 9? 

7 If 259f of the students at one of a school grade failed in the math exam and 1091 failed in 
math and chemistry exams and a student has been randomly chosen. W r hat is the probability 
the student chosen failed in chemistry if he (she) failed in math? 

• A 3 -kid family. If A: is live event the family has nude and female kids and B: is the 
event the family has one male kid at most. Are the two events A and B independent ? Explain. 
A regular die has been rolled once and the spinning wheel 
shown opposite has been spined. find the probabilities of 
appearing the following events: 

• ft the number 3 then the green sector) 
b fta prime number then the blue sector 
e ft the number 5 then the y ellow sector 
d Plan even number then the green sector) 

30 If A and B are two mutually exclusive events from a sample 
space of a random experiment where: 

P<A-B)»i. P(A U B) ■ j . Find: P < A ), P(B>, ftAUB) 

S \, - ■ 

Ha regular die has been rolled two consecutive times, find the probability: 

• Appearing the number 5 on one face known that the same number appeared on both faces, 
b Appearing the number 4 on one face known that the two number appeared on the two 

faces each is greater than 3. 

e Non-appearing the number 3 on any of the two faces known that the two numbers 
appeared are odd. 
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12 In a competition, a question has been given to the two competitors A and B. if the probability 
the competitor A answer the question is 0.6 and the probability the competitor B answer the 
same question is 0.8, find the following probabilities: 

■ A and B answer the question together 
b one of them answer the question at least, 
e no one answer the question. 

13 A bag contains 26 cards; 10 red and 16 green, two cards have been randomly chosen one 
after another without replacing. What is the probability: 

• the two cards arc red? b the two cards are green? 

c the first card is red and the second is green? 

d the first card is green and the second is red? 

14 A competition has been conducted to form two teams of the students where cards are 
randomly drawn out of 9 cards numbered from I to 9, If: 

Team A= The students who draw the odd numbered cards 
Team B« The students who draw the even numbered cards. 

• what is the probability the student draws number 7 if he (she) is from team A? 
b what is the probability the student draws number 4 if he (she) is from team B? 

^15 the next table shows the distribution of 50 people in respect to smoking and the diseases related. 



If a person is randomly chosen from these people, find each of the follow ing: 
* the probability this person is sick. 

b the probability this person is sick in a condition he (she) is smoker, 
c the probability this person is sick in a condition he (she) is nonsmoker. 

16 the next table shows the distribution of 10 people: 



If two persons are randomly chosen, find the probability one of them is athlete and the other 
is not athlete. 

* if the choice is done with replacing. b if the choice is done without replacing. 

For more activities and exercises, visit www.sec3mathematics.com.eg 
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Independent Events 2 - 2 



Accumulative test 



Short-answered questions: 

First: complete the following: 

The probability of occurring ihc impossible event ■ 

2^ When a die is rolled once, the probability the number 3 appears on the upper face ■ 

If a digit of the number 37450 is randomly chosen, the probability the number chosen is 
even = 

«' The value for the correlation coefficient if the correlation is perfect direct = 

Second: choose the correct answer: 

when a regular die is rolled once and observing the upper face. Ihc probability of appearing 
a number greater than or equal 6 equals: 

a Zero b J- c * I d | 

x x ® ® 

6 A basket contains 48 balls of the same type; some are white, some others are red and the 
rest are green. If the probability of draw ing a red ball equals -jj-. then the number of the red 
b«ilIs in the basket equals: 

■ 24 b 30 e 32 d 36 

7^ The weakest correlation coefficient of the following is:: 

(■ -0.9 b -0.5 • 0.1 Id 0.4 

Fong-answered questions: 

• I Calculate Spearman's correlation coefficient from the nest table: 


Math marks 

Ksrcikm 

(kind 

Very jp*nj 

Pm 

Very m«»l 


food 

l*ti> sics marks 

Weak 

Very food 

Paw 

Very food 

Past 

Vw) food 

food 


In an international conference of 150 members, it is found that 100 members speak English. 
60 members speak Erench and 20 members speak both English and Erench. A member is 
randomly chosen, find the probability the member chosen: 

* Speaks one language of both at least, 
b Speaks English if he <shc> speaks Erench. 
c Speaks Erench if he (she) speaks English 

^0 A hag contains 12 yellow balls. 8 red balls and two balls are drawn one after another w iibout 
replacing. What is the probability: 

• Ilic two balls are yellow? 
b The first hall is yellow and the second is red? 
c The two halls are red ? 
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You have previously 
learned the random 
experience and some 
probability concepts. 

You sometimes like to deal with 
numerical values related to the results of the 

random experience which may be characteristics that are mathematically difficult to deal with. 

In such a case, we convert these descriptive values into real numerical values called a random 
variable, which is used to express the results of the random experience. 

In this unit, we are going to leam two types of random variables which are: 

► Discrete Random Variables 
a Continuous Random Variables 

Furthermore, we will learn the probability distribution functions of the random v ariables which are 
divided into: 

a Probability distribution function of discrete random variable, 
a Probability density function. 


o 


Unit objectives 


By the end of the unit and carry in* the involved activities, the students should be able to: 

Deduce the standard deviation of a random 


Identify the concept of the random variable and 
distinguish the discrete random variable nnd the 
continuous one. 

Identify the probability density function of 
a continuous random variable and use it to 
calculate the probability of occurring the value 
of the random v ariable w ithin a certain interval. 
Identify the concept of the mean (expectation I 
and variance. 


variable. 

Identify the coefficient of variation 
Identify the continuous distributions. 
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Lessons of the unit 


lew in 4 1 ■ 11: Discrete random variable. 

I ewin < I -2): Expectation 4 mean > and variance of (be discrete random 
variable. 

I evMin 4 1 4 4: The probability density function of the continuous 

random variable 


Unit planning organizer 



Random variable and probability distribution 


C 


Discrete 

» 


Continuous 


Expectation Imeani Variation 


■ 


" 


fstarxlaro deviation) 

D— 


C 


Probability density function 

V--— | --- ' 

X 


Properties 


3 ( ) 


Coefficient of variation 


, Lite applications 
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Discrete random variable 


Unit Three 


3 - 1 



Introduction: : you have learned the random experiment and found the sample space for this 
experiment. In this lesson, you will identify a new variable related to such an experiment - The 
random variable. 


You will learn in this lesson how to describe the items of two different phenomena with respect 
to the relation between them. 


Random variable: 

In an experiment for tossing; a coin three consecutive times, 
the sample spaces S can he identified as shown in the opposite 
figure. If you are asked to find " the number of images" which 
appear in the sample space S. you draw a diagram to show the 
relation between S (as an independent variable) and the number 
of the image which is real number R (as a dependent variable). 
This reliitkm expresses a function and can be symbolically written 
as : X: S -• R where X is denoted the random variable . 


(h, h, h) ‘ 


<h , h , T) .. 

3 

(h , t, h) 

2 

(t, h , h) ^ 

1 

(h, i, l) '/J/ 

Zero 

(t, h, 1) '// 

• -1 

<t, t, h) y 

-2 

(t. t, t) ' ; 

; * 3 



Then, the random variable range X in the previous example = {0, 1.2.3} 
MOlg, The random variable divides the sample space S into mutual 
exclusive events: each event is linked with a real number , this link 
expresses a function X from the sample space S to the set of the real 
number R. 


oe=* 

I h«- function k rtrflnrd 

by: 

» Domain 
» Co-domain 
» Itaw of thr fuartion 
The fanciioa range k 
the wt of I hr image* of 
tbr domain rtement* in 
thr co-domain. 


Discrete Random Variable 

E lhr range nf I he discrete random variable is a finite set I i.e. H can be counted) of the real 
numbers. 


Materials 
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Discrete random variable 


3-1 


For t'Mimples: 

> the number of stocks specialized tor an individual in an undent riling of a joint-stock company. 

> The number of car accidents on a high way within a week. 

r The number of the outcoming telephone calls for a family within a month. 

w ■**"'***• oi^ppjf random variable 
1 In an expenment lor tossing a coin three consecutive times . It the random vanable X 
expresses “ number of heads - number of tails". write down the random variable range. 


^ Solution 


S ■ ( (H. H , H) , (H . H . T) . (H . T . H) . <H . T . T) , (T , H . H) . 
(T. H. T). (T. T. H). (T. T. T) } 


Sample space S 

X number of tails - number of heads 

(H. H, H) 

3-0 = 3 

(H . H . T) 

2-1 = 1 

(H. T. H) 

2-1 = 1 

(H. T, T) 

1-2=1 

(T, H. H) 

2-1 ■ 1 

(T . H , T) 

1-2= 1 

(T. T. H) 

1 -2 = 1 

(T. T.T) 

i 

it 

i 

1 

o 


The random variable range = {- 3 . - I , 1,3} 


Q Try to sotvo 

ly in the previous example, find the random variable range expressing : number of heads < 
number of tails. 

^ Kwwmp'* niidom variable 

2 A regular die has been tossed two consecutive times . Find the random vanable expressing 
the sum of the two shown numbers . 


^ Solution 


Varaptr spore S 

i: sum 

of thr two 

(1 . 1) 

2 

(1 .2). (2.1) 

3 

(3, IM2.2MI .3) 

4 

(4. I).(3. 2).(2. 3),(1 .4) 

5 

(5. IU4. 2). (3, 3), (2, 4). (1.5) 

6 


Vain pic spore S 

I! sum 

of the two 

numbers 

(4.3)X3.4) j(2.5)j(l .6). 

7 

(6.1).(5.2) 


(6.2). (5.3). (4.4). 

w 

(3.5). (2.6) 


(6.3). (5.4), (4,5), (3.6) 

9 

(6. 4). (5. 5). (4. 6) 

10 

(6. 5), (5 . 6) 

II 

(6. 6) 

12 
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From the previous table , the random variable range is 
x ■ {2. 3. 4, 5. 6. 7. 8. 9. 10, II , 12} 
we can use the lateral shape to find the random variable 
range x. 

Q Try to solve 

2^ In the previous example, find the random variable range 
expressing : (the greater of the two show n numbers >. 







► < 

« 






< V 



—^4 


>i 

n 


< 4 

■•"-1 \ 



>r- x 



► 


1 


IO 

* 

1 

I 
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Probability distribution 1 1 * 

Probability Distribution Function of Discrete Random Variable 


« lf x Is a discrete random varlahlr whnsr range is the xrl:( x,, x 2 , x y -- \ r ) then the 

function f defined as follows: flx r ) = I* < X s^l for each rs|,2, 3, _™ 

Identities whot is called the probability distribution function of the discrete random variable X 
which is expressed by a set of ordered pairs specifying the function F. 


L& the probability distribution of the random variable X = { (x 1 . f(x,)|. (x>. f(x»)). (Xj , f(Xj» 

. <x„ . f(x„)) } 


Note : the probability distribution of the random variable x can be written in the form of the 
following table: 


*r 

x l 

*2 

*3 




f(x,) 

f(x 2 ) 

f(x 3 ) 


f(x„) 


You can notice that the function fin the peev kmis definition satisfies the following two conditions: 

1- ftx r ) >0 for each r = I , 2, 3, , n 

2- f(x,) - f(x 2 ) *f(X|) *.♦ f(x r ) — I 


^ probability distribution function 

> A coin has been tossed three consecutive times and the upper face has been seen. Write dow n 
the probability distribution f unction of the discrete random variable x expressing the number 
of appearing the head face. 

^ Solution 

S = {(H.H> , (H.T) . (T.H) . (T.T) } 

From the lateral shape . wc find that the random variable range 
expressing the number of appearing the head * { 0 . 1.2} 


f(0> = p<X= 0 »= = 1 


f( I) = pt X = l)i 


n(s) 

ndxp 

n(s) 


s 

M, 

4 


f<2) = p(X « 2) 


n(xd _ j[ 

~ssr 4 


i 

s 

(H, HI 


<H, T) 

s\ 

<T, H) 


a, T) 



i 


4 

3 

2 

1 

0 
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Discrete random variable 


3-1 


The probability distribution function is: 


*T 

0 

1 

2 

fix,) 

1 

4 

2 

M- 

4 

1 

4 


Q Try to tolv* 

3 In the previous example, write down the probability distnbution function of the discrete 
random v unable x expressing:! number of appearance of head - number of appearance of tail >. 


^ *" mP * Drawing without replacing 

4 A hox contains 5 identical cards numbered from I to 5. Two cards have been draw n one after 
another w ithoul replacing . find the probability distribution function for the random variable 
expressing the least number of the two numbers on the two draw n cards.. 

^ Solution 

As long as the cards huve been drawn without replacing to the box. the cards drawn is not 
repeated more, in other words, the pairs of cants carrying the digits (I . I). (2 , 2 ) . (3.3). 
<4.4). <5,5) arc not included in the sample space as shown in the opposite figure. 
n(s) = 20 

From the figure opposite, the range of random variable x is: 
x ■ { I . 2 . 3 . 4 } and: 
ft 1) ■ p (X 


1 

I 


f<2) = p (X = 2) = ~ 
fl[3) = p (X = 3) = ± 
f<4) = p (X = 4) m * 1 

the probability distribution function of the discrete random variable % is given as show n in 
the following table: 



*r 

1 

2 

3 

4 

ftx r ) 

8 

20 

6 

20 

4 

20 

A 

20 


U Try to io)v« 

( 4 ) In an experiment of rolling a regular die two consecutive times and observing the seen 
face in each lime, find the probability distribution function of the discrete random variable 
expressing the greatest number of the two numbers appeared on the two upper faces. 
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Example 


L'sinji the rule (base) of the function 

If X is a discrete random variable and its probability distribution function is determined by 
the relation : 

It + 2 x 

fix) = —--where **0.1 . 2 . 3 find the value of k. then write down the probability 

24 

distribution function. 


Solution 

vf<o> = p<x = (» = JL 

24 


f(2) = p<X = 2) = 


k ♦ 4 


f(l) = ptx = I) ■ 
f(3) = p(x = 3) = 


k ♦ 2 

24 

k - 6 


24 r 24 

Y p( X = 0) * ptX = It • pt X > 2) • pt X * 3) * I 

k »6 


k k v 2 k * 4 

3T * 24 * 24 

k*k*2»k‘4»k*6 


24 


I 


24 

.*.4 k- 24-12 


.'.4k- 12 


.-.4 k • 12 = 24 

k = 3 


To find the probability 

p,x=o,.Jr-£ 


p<X ■ 2) 


k *4 

24 


? 

24 


distribution function . you should find: 


p<X = l) = 


ptX ■ 3) 


± 

24 24 

k * 6 9^ 

~1T S 24 


The probability distribution function is: 


*r 

0 

1 

2 

3 

fix,) 

J_ 


JL 

9 

24 

24 

24 

24 


Try to *olw* 

If X is a discrete random variable whose range = {1.2.3} and its probability distribution 

function is determined by the relation fix) *-. hind the value of a . then write down the 

9 

probability distribution function. 
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Discrete random variable 


3-1 


ExarcUtt 3*1 


First: choose the correct answer: 

CO Which hi min m of the following r ep res en ts a probability distribution function of the discrete 
random variable X: 


*r 

1 

2 

3 

4 

fix,.) 

0.06 

0.15 

0.42 

0.2ft 


*r 

-2 

>1 

1 

2 

0 31 

ftXf) 

0.32 

0.14 

0.23 


*r 

0 

1 

3 

5 

f(x r ) 

0.5 

0.3 

0.4 

(12 


*r 

3 

4 

5 

6 


0.23 

0.32 

0.17 

0.18 


Ca) If X is a random variable whose range is {0. I. 2} then all the following functions do not 
represent its probability distribution function except : 

a f(x>= b 1 1 s i ~ 2 \ — « fix)- —!—- d i• v i s —————— 

8 3 x * 2 6 

^0 If X is a random variable whose range is {I , 2 . 3), p (x = I) = 0.3 and pt X = 2) = 0.3 then 

P<X = 3) is equal: 

(■ 0.1 b 0.2 « 0.7 Id ok 


4 If x is a random variable w hose rangeis { I , 2. - I . 0 ). pt X * - I) = 0.2 and p(X = 0) = 0.4 , 
p< X = I) = 0. 1 then p(X > I) equal : 

(a 0.3 b 0.4 « 0.5 Id 0.6 

s in an experiment for tossing a coin three consecutive times and X is the discrete random 
variable expressing ( number of heads - number of tails ), then the range of X is : 
■{1.3) b {0. I . 3} c { 0. I . 2, 3} d { i . 1,1,3) 


6 If X is a discrete random variable whose range = { 0, 1.2) and its probability distribution 
function is determined by the relation f(x> = then the value of a is equal: 

(a) i b | c| 1 |d 2 


Second : Answer the following questions: 

(j] The two following tables show the probability distribution of a discrete random variable x. 
Find the value of a in each table: 

■ *- I 7 3 b 


*r 

1 

2 

3 


«v 

a 

2a 

3a 


*r 

0 

1 

3 

4 

**r> 

a 

2a* 

3.' 

3s 


*r 

-2 

-1 

0 

1 

2 

ft v 

a 

0.2 

0.3 

3a 

a 
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8 If X is a discrete random variable whose range = { 0 , I , 2,3} and the values of 
p(X = 0) = 0.2 . p(X = I) = 0.33 and p(X = 2) = 0.37 find the probability distribution of the 
discrete random value X. 

9 If the values of the discrete random variable X in a random experiment are: -2 . 0 . 2 . 4 

with probabilities of * , " n V J. and ~ respectively , find the value of m . then 

write down the probability distribution function of the variable X. 

10 If X is a discrete random variable whose probability distribution function is determined by 

the relation : f(x) = ^ *1 and the range of x = { I , 2 . 3.4 }find the value of a and 

write down the probability distribution function of the variable X. 

11 If X is a discrete random variable whose probability distribution is determined by the 

If 4 t V 

function fix) =-where x = I , 2 . 3. 4, find the value of K. then write down the 

50 

probability distribution of the variable X. 

12 In an experiment for tossing a coin three consecutive times, if the discrete random variable 
X expresses “ number of heads- number of tails” , w rite down the probability distribution of 
the variable X. 

IS Two boxes each contains three numbered balls from 3 to 5. A ball has been randomly drawn 
from each box and the discrete random variable x is defined as “ the sum of two numbers'* 
existed on the two drawn balls. Find the probability distribution of the discrete random 
variable X. 

14 In an experiment for tossing a die two consecutive times and observing the number on the 
upper face in each time . write down the probability distribution of the discrete random 
variable X expressing “ the least number of the two observed numbers”. 

15 A box contains 4 balls numbered from I to 4. two balls have been drawn one after another 
( with replacing), write down the probability distribution of the discrete random variable x 
expressing “ the mean of the two numbers on the two drawn balls'*. 

14 If X is a discrete random variable expressing the number of girls in a three- kid family, write 
down the range of the discrete random variable X . If we suppose that the probability of 
giving u birth of a boy is equal to the probability of giving a birth of a girl and disregarding 
having twins, find the probability distribution of the random variable X ( the order of boys 
and girls is taken into acount) 
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Expectation (mean) and Variance of 
a Discrete Random Variable 


Unit Three 


3 - 2 



Introduction : To identify the characteristics of the probability distribution < identifying the 
characteristics of the original community or comparing different communities) . the basic 
features are necessarily needed to measure its mean value which the possible values of the 
discrete random value accumulate around it and is called expectation <meant. There are also 
other values measuring the dispersion of the discrete random variable values from the value of 
the mean and is known as variance. Therefore, expectation and variance summan/c the most 
important characteristics of the discrete random variable. 


Expectation Mean, 1 

Kxpcctation is the value at which the most values of the discrete random variable are centralized 
and sometimes is called “ mean" and is denoted by the symbol (//) and read as ( Mu). 

If X is a discrete random variable whose probability distribution function is f and its range is: 

{ x,. x 2 , Xj.. x B > by probabilities of ftX|), f(x 2 ). f(Xj).f(x n ) respectively, then 

the expectation is given by the relation: 

n 

Kxpcctation (JJ) ■ x r * fix,) 

l.e.: Expectation!//) ■ x, * f(X|) -* x 2 * f(x 2 ) ♦ Xj □ f(x») ♦ .- x„ □ f(x„) 


Example 

1 It x is a discrete random variable whose probability distribution is show n in the below table: 


*r 

-1 

0 

1 

2 

3 

f(x r > 

0.3 

0.1 

0.1 

a 

0.2 


First : Find the value of a Second : Find the expectation (Mean) 

O Solution 

Hrst: you know that the sum of probabilities is equal one 
V p(X = - I)♦ p(X>0) * p(X * I) * p(X ■ 2) * p<X = 3) = I 
0 . 3 ♦ 0.1 + 0.1 - a » 0.2 = I 
.-.a + 0.7= I /.a = I-0.7 = 03 



Materials 


3 Scientific calculator - Computer 
graph programs. 
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Second : 


V Expectation {JA) = L x ^ Wx r ) = -1 * 0.3 + 0 * 0.1 + I * 0.1 ♦ 2 * 0.3 + 3 * 0.2 

» ■ 0.3 ♦0-0.1 ♦ 0.6 + 0.6 = I 


Q Try to solve 

j' If X is a discrete random variable whose range = {0 . I . 2 . 3 . 4} , 
ptX-0).p<X-4)- ± . p(X- l)-p(X»3>-i 
Kind: first: p (X ■ 2) second: Expectation 



Example 



If x is a discrete random variable whose probability distribution is shown as follows: 


*T 

0 

1 

2 

b 

6 

ftx,) 

0.1 

0.1 

0.3 

■ 

0.3 


Kind the value of a and b if the expectation /J = 3.5 


^ Solution 

From the properties of the probability distribution: ftO) ♦ f( I) * f(2) ♦ f(b) * f(6) ■ I 
0.1 *0.1 • 0.3 ■ a • 0.3 s I .-.a - I -0.8 a a o.2 
n 

V expectation i.//) ■ E x,Gf(x r ) ■ 3.5 

r = I 

.•.0x0.1 ♦ I *0.1 . 2 *0.3 *b *0.2 ♦ 6*0.3 a 3.5 
0*0.1 4 0.6-0.2 b* 1.8 = 3.5 A 0.2 b = 3.5 - 2.5 

b » I ♦ 0.2 « 5 b = 5 


Q Try to solve 

a) If X is a discrete random variable whose probability distribution is shown as follows: 


*r 

0 

2 

3 

4 

fix,) 

16 

2p 

± 

16 

P 


First : find the value of p. Second : find the expectation 


Variance 

The variance of a discrete random variable measures the amount of dispersion of the discrete 
random variable of its expected value and is denoted hy the symbol (a 2 ) and read as (sigma 
squared) and is given by the relation: 

o 2 • I, x 2 , □ f(x f ) - M 2 

r = I 
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Expectation and Variance of 
a Discrete Random Variable 


3-2 


Note: The standard deviation of a discrete random variable x is the square root of the variance 
and is denoted by the symbol o . It's noticed that the variance and the standard deviation are 
always positive quantities . 



Example 


* 


If X is a discrete random variable whose probability distribution function is fix) 


x +4 
16 


where X = -2 . m , I , 2 find the value of m, then And the mean and the variance of the discrete 
random variable X. 


Solution 

from the properties of the probability distribution: 
V p(X »- 2) ♦ p(X = m) ♦ p(X « I) * p(X = 2) = I 


/.A+JLLi 
16 16 

• 17 * m _ i 


i.iis| 

16 16 

17 «• m = 16 


m = - I 


16 


*r 

fix,) 

*r*fi*r> 



JL 

■4 

A 


16 

16 

16 

-1 

J. 

zl 

A 

16 

16 

16 

1 

JL 

A 

A 

16 

16 

16 

2 

A 

12 

24 

16 

16 

16 



£ 

a 


n 

8 

2 


The expectation (jj) = £ x r CDf(x r i = £ 

r = I 8 


The variance (o 2 ) = I x*D «x r > - ffi a -5- - <-2-)2 = -U£- 

Try to solve 

If X is a discrete random variable whose probability distribution is defined by the function 

where find f(x) = —-— where x = 0 . I . 2.3 find: 
x ♦ I 

First: the value of a 

Second: The expectation and the standard deviation of the discrete random variable x. 


Coefficient of Variation 

As you were learning the standard deviation as a measure for the dispersion of the values of the 
discrete random variable of its expectation, you knew that it is measured by the same measuring 
units of the variable investigated w hether these units arc in degrees, meters or kilograms... i.e. it 
is proper to compare two sets of the same measuring units and the same means. If the measuring 
units or means are different between the two sets, the standard deviation is no longer proper 
to be used as a measure for the comparison. As a result, the need of a relative measure for 
dispersion can help us get rid of such different units. The coefficient of variation represents a 
proper solution to such a problem. 
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The coefficient of variation for any set of items is known as the percentage between the standard 
deviation of the set and its expectation (mean) and it can be defined as in the following relation : 


standard drv lation 

C oefficient of variation =1 __i 1 - 

x 100** - ° x I00'i 

men n 



This coefficient forms the dispersion of the set in the form of a percentage abstracted from 
distinction where the measured units are not affected by the phenomenon. 



Example 


4 If the expectation and the standard deviation for the marks of 
a group of students in history and Geography are as follows . 
known that the full mark is 100 marks. 


Subject 

history exam 

geography exam 

Expectation 

70 

96 

Standard deviation 

7 

8 



Find the coefficient of variation for each subject - What do you notice? 


^ Solution 

V Coefficient of variation =s deviation^ w jqq / 

mean 

The coefficient of variation of history = tq x **** % = 10 . 

V 

The coefficient of variation of geography ■ — * 100 9f ~ 8.3 01 


From the Solution: we observe that the relative dispersion of the history exam is greater 
than of geography. This means the geography exam is more homogeneous than the history 
exam. 


Q Try to oolvo 

4 If a factory produces two types of electric lamps A, B and their average of use is 1850. 1580 
hours and the standard deviation of both is 250. 230 respectively, find the coefficient of 
variation of each type. What do you notice. 



Example 


5 A box contains 6 cards; 2 cards carry the number two, 3 cards carry the number 3 and a card 
carries tbc number II. if a card has been randomly drawn and the discrete random variable 
X is defined as " tbc appeared number on the drawn card" 
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Expectation and Variance of 
a Discrete Random Variable 


Find: 


• The probability distribution function of the variable X. 

b Expectation and standard deviation of the variable X c the coefficient of variation 


^ Solution 

• X takes the values 2 . 3 . II where: ff 2> = p (X = 2) = ■■ = | 

f(3) «= p (X ■ 3) « ^ ^ f(ll)ap(X ■ ll)> ^ 

the table below illustrated the probability distribution function of the discrete random 
variable x. 



2 

3 

11 

f(x r > 

1 

3 

1 

2 

1 

6 


To calculate the expectation and the standard deviation, you ought to form the table below: 


*r 


*r*K*r> 

*V**r> 

2 

- 2 - 

± 

JL 


6 

6 

ft 

3 

J. 


22 


6 

6 

ft 

11 

± 

11 

121 

ft 

ft 

ft 

Total 

4 

26 


b Expectation (//> ■ L x r » f(x r ) ■ 4 

i* I 
n 

Variance (u*) = L x 2 It x r ) - JJ 2 = 26 - (4)- = 10 
k I 


standard deviation a = vTo = 3.16 


c v Coefficient of variation 
Coefficient of variation 


standard deviation ww . _ 

-* 100 % 

mean 

-Lli « 100 * ■ 79 * 

4 


Q Try to »olvt 

A box contains 10 cards : a card carries the number I . two cards each carries the number 2. 
3 cards each carries the number 3, 4 curds each carries the number 4. If a card is randomly 
drawn and the discrete random variable X expresses the number on the drawn card, find the 
probability distribution function of this variable and calculate each of the expectation , its 
standard deviation and the coefficient of variation. 
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Ex»rcli«i 3*2 





First: Choose the correct answer: 

0 If the probability distribution of the discrete random variable X is {(0,0.25) . (I . 0,5) , 
(2 .0.25) } then its expectation equals: 

(a 0.5 b | c) 1.25 1.5 

n 

OC If * is » discrete random variable and the expectation equals 0.6. L x 2 r Df( x r > = 4.36 then 
its standard deviation equals: 

(•) 1.94 b 2 c 3.76 d 4 

[i] If x is a discrete random variable and the expectation equals 0.4. L x-,Of<x r ) = 6.16 then 

r* I 

its variance equals : 

(•I 2.4 b 3.76 0 6 Id 6.56 


Second : Find the expectation and the standard deviation for the probability 
distribution for each of the following: 


4 


*r 

2 

3 

9 

f(x r > 

1 

3 

1 

2 

1 

6 


■ 

5 



*r 

-3 

-1 

0 

■ 

2 

3 


f(x r > 

± 

12 

1 

6 


1 

< 

1 

6 

_L 

12 


*r 

-5 

-4 

1 

2 

fix,) 

_L 

24 

1 

8 

1 . 

12 

1 

6 


Third : Answer the following questions: 

7^ If X is a discrete rundom variable whose probability distribution is shown in the table below: 



1 

2 

4 

6 

fix,) 

0.2 

0.3 

a 

0.1 


First : find the value of a. Second : find the mean and the standard deviation 


8 If the range of the discrete random variable X is { I . 2.3.4 }, p( X * I) = -£r , 

7 I 

pf X = 2) = and p( X = 4) = . find the expectation and variance of X . 

9 If X is a discrete random variable whose range {0, I .2.3.4 } . p< X = 0) = p< X = 4) = - ^ 
and p<X = I) = p<X = 3) = j Find: first : p (X : 2) second: the mean and the variance of 
the variable X . 


10 If X is a discrete random variable whose probability distribution function is shown in the 
table below where 0 < h < I 
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Expectation and Variance of 
a Discrete Random Variable 


3-2 


Find: 

• the value of h 

b The probability distribution of the variable X. 
c The mean and variance of the variable X 

H n x is a discrete random variable whose probability distribution is shown in the table below: 


*r 

1 

2 

4 . 

f( V 

0.2 

0.3 

0.4 

0.1 


Calculate the value of a if the expectation fj = 3 , then find the standard variation of the 
discrete random variable X . 

12 If the probability distribution of a discrete random variable X is defined by the function f 

where : Ox) ■ -^-1 . whcie x ■ I. 2. 3 . find: 

9 

■ the value of a b calculate the expectation and the variance of the variable X. 

11 If X is a discrete random variable whose probability distribution is defined by the function: 
Ox) ■ * —■ * where x = 0. I . 2.3 find: • the value of a b calculate the coefficient of 
variation of the variable x. 

Ch ifx is a discrete random variable whose probability distribution is defined by the function: 

n ^ ^ 

0 x) ■--where x = - 2. m. 1.2 find: ■ the value of m b the mean and variance of the 

10 

variable x. 

is If x is a discrete random variable whose probability distribution is defined by the function f 

where: Ox) ■ —. x ■ 0 , I . 2.3 
x ♦ 3 

• find the value of a b the expectation and variance 

16 If the range of the discrete random variable Xis(-l,0.2}.p<X»-l)» j and the 
expectation equals I . find: 

• p<X=0),p<X = 2) b The coefficient of variation. 

H if x is a discrete random variable whose mean /y = 3 and its probability distribution is as 
follows : 


*r 

0 

2 

k 

4 

f(x r > 

1 

2a 

1 

4 

5a 


" Calculate (he values of a and k 
b Find the standard deviation of the variable X. 
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Probability density function of the 
continuous random variable 


Continuous Random Variable 



The riinliniMMiN random variable : its rang** is an intersal of the real numbers 
iclosed or opened i. i.e. it's a non • counted set of real numbers . 


For evampies: 

> The wage of a government worker randomly chosen. > The temperature expected on a day, 

> The length of a basketball candidate. 


Continuous random variable 

6 The point (x . y) is located inside or on the circle x 2 ♦ y 2 = 4 whose center is the origin O and 
its radius length is 2 units. Required is to tind the range of the random variable X expressing 
how distant the point from the center of the circle 


^ Solution 

Vf«{(x, y): x 2 • y 2 < 4} 0 a J[ 2 

(X a < 2 where a is the distance bdween from point (x , y)to the center of the circle, 
the range of the random variable x = [ 0 , 2 ] 

we can notice that each point in this interval is a possible value to the random variable X as 
shown in the figure 

Q Try to solve 

0 If the maximal life span of a type of cellular phones (X) is approximated by IK working 
hours, write down the range of X. 

Cl Try to solvo 

2^ Show w hich of the following represents a discrete random variable and which represents a 
continuous random variable. 

* Number of the bread leaves produced by a bakery w ithin an hour, 
b The time kareem takes to wait his fnend Ziad. 

c Number of the goals scored by the team won the handball match, 
d The number of the traffic violations recorded on Cairo - Alex desert rood on a day. 

• The time taken by a teacher to explain the lesson of the random variable. 


Materials 
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Probability density function of 
the continuous random variable 


3-3 


Probability Density Function 

For any continuous random variable x. there is a real function whose 
range is non- negative, and denoted by the symbol f(x) called the 
probability density function by which the probabilities of events 
expressing it by the random variable can be found throughout the 
area included beneath the function curve and on the x axis and p 
(a<x<b) can be calculated by finding the area of the shaded part of 
the curve of the function f between the two values a and b as shown 
in the opposite figure . 



t his function satisfies the next conditions: 

> f(x)> 0 for all the values of x belonging to the domain of the function. 
r The area of the region located beneath the curve of the function f and on the x axis equal I. 


Example 

1 If x is a continuous random variable whose probability density function is: 

ffx) = { i ■). I 

l zero , otherwise 


• Prove that : p(I < X < 3) = I 
b Find : p (X < 2). p (X > 2.5). p (2 < X < 2.5). 

^ Solution 


o 


Area of lb* m tanj!le = length width 
Arm at lb* triangle ■ 

I”**' 

Arm of lb* Iruprnwd = 


f(l>- £ * (2 - I) ■ l 

f (3) = £ * (6- l)z £ 

f (2) = £ x (4 - I) = l 

f (2.5) = £ * (5 - I) = £ 

• p(l <x<3) = ^ x 2 

■ i X i « 2: I 

b p(X<2) - ptl < X<2) 


' Ibr «um of the two parallel ham bright 
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. p (x > 2.5) ■ p ( 2.5 < x < 3) 

. 1/1.1, x 1 

2 ' ft ft ' 2 


1 x 2 x 1 m ± m 1 

2 6 2 24 8 


. p(2 < x < 2.5) * T (J * X) * T 



2 '6 ~ 6 
1 - 1 


« J- x ^ x — 

2 6 2 


i 

24 


Nolicr tluil : p<2 < x < 2.5) = I - [ p (x < 2) * p (x > 2.5) 1 

7 


— I _ (1 ♦ I . — m — 

■ l I 3 ♦ K '" I 24 24 



| Try to solve 

' s i If x is a continuous random variable where : 

where I < x < 6 
otherwise 

■ Pnoc that fix) is a probability density function of the random variable X 
b Kind p (x > 3) c Kind p <4 < X < 7) 


f(x) 


I s" 7 21 ' 

I zero 


Example 

2 It x is a continuous random variable whose probability density f unction is: 

1 ——— where I - x < 4 

- u 

I zero 


f(x> 


zero 

• Kind the value of k. 


otherwise 


^ Solution 

V p (I < X < 4) - I 


.1 , 10 -2k 

.. r *3* 


b find p (X > 3) 

... l(ilL*!l!)x3. I 

2 V 24 24 / 


24 


/. k ■ 3 


. f<3) = 


_ 6*3 _ ± 


24 “ 24 


f<4 >=jl±= y. 


24 


* p(x>3)a — ( — . Ji) x | : i x 29 B -5- 

• • r o z ji ■ ft ' 24 24 ' 1 6 24 12 


| Try to solve 

( 4 ) If X is a continuous random variable whose probability density function is : 
2 * * 1 I < x < 5 


fix) 


28 

zero otherwise 

■ Find the value of a if p (x < a) = ! 
b Find the value of b if p (b < x < b 2) = ^ 
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Probability density function of 
the continuous random variable 




Exercises (3-3) 




3-3 


First : choose the correct answer : 

(l' If the probability distribution of the continuous random variable X is : 

where 2 < x < 4 


ftx)i 


• J 


1 

2 

zero 


othcrw isc 

«* * 


then p (X > 3)! 


' 4 


d I 


I, If the probability distribution of the continuous random variable X is : 
k x where 2 < x < 4 
ft*)* then k ■ 


zero 


1 

6 


othcrw isc 

<• i 


« i 


- i 


1 If the probability distribution of the continuous random variable x is: 
I ^ w here -3 < x < 3 

then p(X = 3) = 

zero otherwise 


fix) i 


• zero 


I 


6 3 


Second : Answer the following questions : 

4 If x is a continuous random variable where 
x*3 

fix) = 18 

zero otherwise 


where -3 < X < 3 


Kind : first: p (X < 0> 


second : p (-1 < X < 2) 


5 II \ is a continuous random variable whose probabilitv densitv function is: 
2 x ♦ I 

f(xi= 24 

zero otherwise 


where 2 < x < 5 


find : first : p (3 < X < 5) second : p (x > 4) 

If X is a continuous random variable where : 

2 (x • I) 

flX)« 27 

zero otherwise 


where 2 < x < 5 


first : prove that fix) is a density function to the random variable X. 
second : Kind p (X > 3) 
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7 If X is a continuous random variable whose probability density function is: 

_ ———!— w here I < x < 4 

f(X)> 18 

[ zero otherwise 

find : first : p (X > 3) second : p (2 < X < 4) 

• If X is a continuous random variable whose probability density function is: 

ax w here 0 < x < 4 
f(x> 


zero otherwise 
find : first : the value of a 


second : p (1 < X < 3) 


*' If X is a continuous random variable whose probability density function is: 

1 

X 


. 

zero , otherwise 
find : first : the value of a 


second : p (I < X < 3) 


10 If X is a continuous random variable whose probability density function is: 
a x 

f(x)= 1" 

zero otherwise 


where 0 < x < 4 


find : first: the value of a 


second : p (I < X < 3) 


(ii if x is a continuous random variable whose probability density function is: 

r x -1 . 

. —-— where I < x < 5 

fix) ■ k 

1 zero otherwise 
find : first : the value of k 

Critical thinking : 


second :p<2< X < 3) 


tl If X is a continuous random variable whose probability density function is: 
x 

“g“ w here 0 < x < 2 

^ where 2 < x < 4 

zero otherwise 


f(x> = 


Calculate : 


p(I < x < 2) 


b the value of a making p(2<X <a) = 0.5 


H II x is a continuous random variable whose probability density function is: 

r 3x ♦ I 

. ——— where I < x < 5 ... . .. .. r 

f(x) = 40 and if a. b e (I. 5[ find 

i zero otherwise 

a the value of a if p (a < X<a-2)=, n b the value of b if p(X > b) = 
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Unit Summary 

1 The random variable is: 

Function whose domain is the elements of the sample space and its co-domain is the set of 
real numbers R. 

2 The discrete random variable : 

Its range is a finite set. (i.e. it can he counted) of the set of real numbers. 

3 The continuous random variable : 

its range is an interval of the real numbers (closed or opened ) i.e. it is a nnn-countcd set of 
real numbers 

4 Probability distribution function of the discrete random variable : 

If * Is a discrete random variable shmr range is the srt:{ x ( , \ : , Xy _ _., x r ) then the function 

f defined as follows: f<\ r ) = l*(X =v f > for each r = I , 2 , J, _ 

Identities what is called the probability distribution functurn of the discrete random variable X which is 
expressed by a set of ordered pairs specifying the function F. 

the probability distribution of the random variable X = {<x ( , r<x t », (x 2 , f(x 2 )), (x 3 . f(x 3 » 

. <x„ . f(x.)) } 

5 Expectation (mean): 

Kxpcctation is the value at w hich the most values of the discrete random variable are centralized 
and sometimes is called " mean" and is denoted by the symbol (//) and read as (Mu). 

If X is a discrete random variable whose probability distribution function is f and its range is: 

{ X| . x 2 , x,. x„} by probabilities of fix,). f<x 2 ). I<\ 3 ).f(x n ) respectively, then 

the expectation is given by the relation: 

n 

Expectation <//) ■ x, « fix,) 

L*.: Expectation (//) = x, * f(Xj) ♦ x 2 « f(x 2 ) ♦ x 3 □ f(x 3 ) ♦ .- x„ □ f(x.) 

The variance of a discrete random variable measures the amount of dispersion of the discrete 
random variable of its expected value and is denoted by the symbol to 2 ) and read as ( squared 
sigma ) and is given by the relation 

o 2 = L x 2 f □ f(x r ) - /2 2 

r« I 
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Note: The standard deviation of a discrete random variable * is the square root of the variance 
and is demited by the symbol ci . It's noticed that the variance and the standard deviation arc 
always positive quantities . 

7 Coefficient of Variation: 

The coefficient of variation for any set of items is known as the percentage between the standard 
deviation of the set and its expectation (mean) and it can be determined as in the following 
relation : 


Coefficient of variation * 


standard dev iation 
mean 


x |(M) % m * 100'* 

A 


This coefficient forms the dispersion of the set in the font! of a percentage abstracted from 
distinction where it is not affected by the measured units of the phenomenon. 


8 Probability Density Function : 

For any continuous random variable x, there is a real (unction whose range is non- negative, and 
demited by the symbol f(x) called tbe probability density function by which the probabilities 
of events expressing it by the random variable can be found f(x) 
throughout the area included under the function curve and above 11 
the x axis and p <a<x<b) can he calculated by finding the area 
of the shaded part of the curve of the function f between the two 
values a and b as shown in the opposite figure . 


This function satisfies the next conditions: * 11 

> f(x) > 0 for all the values of x belonging to the domain of the function. 

> The area of the region located under the curve of the function f and above the x axis equal I. 
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General exercises 


»«^cl~. l £p 

First: Choose the correct answer : 

Cly The expected value of the following probability distribution is: 


*r 

zero 

1 

2 

f(V 

0.2 

0.3 

0.5 


(•I I b |.|4 c |.3 d |.5 

2] If the expectation of the following probability distribution is: 


*r 

1 

2 

k 

f<V 

0.1 

0.8 

0.1 


equals 2. then the value of k equals 

(•3 b 4 c 5 d ft 

3 If x is a continuous random variable whose probability density function is : 

I k where -4 < x < 4 

thenk ■ 

zero otherwise 

• | b | e zero I d 4 

second: answer the following questions 

If X is a discrete random variable whose range = { - 3 . - I , 0 . I , 3 } and the values of 
p(X = • 3) =p(X * 3) ■ ^ , p <X = 0) = ~ , p (X = * I) = p (X = I) find the probability 
distribution function of the discrete random variable. 

If X is a discrete random variable whose probability distribution function is determined by 
\ 4 

the function f(x) * ——— where x = - 2 , m . I , 2 find the value of the constant m. then 
I '' 

w rite dow n he probability distribution function of the variable X 

6 If X is a discrete random variable whose probability distribution is determined by the 

function f(x) = —-— where x = 0 . I . 2 , 3 find rhe value of a then find p(X < 2). 

7' In an experiment of rolling a regular die two consecutive times and observing the number on 
the upper face in each time. Kind the probability distribution of the discrete random variable 
expressing the greater number appeared on the upper two faces. 


At Ashraaf Printing Houm 


Statistic* 


75 


























• Design a die in a way two faces carry Ihe number I. two faces carry Ihe number 3 and 
two faces carry ihe number 5. Roll this die two consecutive times and observe the number 
appearing the upper face in each time. If the discrete random variable X expresses "the 
absolute difference between the two upper numbers" 

Kind : First : the probability distribution of the discrete random variable X. 

Second : the probability of getting the absolute difference between the two numbers 
less than 4. 

Two regular dices; each two opposite faces of the first die are numbered {1. 3. 5} and each 
two opposite faces of the second die arc numbered { 2.4.6 } If the two dices have been 
rolled and the random variable X expresses the sum of the two numbers, find the probability 
distribution function of the variable x and calculate the mean and the standard deviation of 
the variable x. 


10 Two boxes a and b, each contains 4 balls numbered from I to 4. A ball is randomly drawn 
from each box. If the random variable is ** the sum of the two numbers appeared on the two 
drawn balls". Find the probability distribution function of the variable X and calculate the 
mean and the standard deviation. 


(ii if x is a random variable whose mean -2 and its probability distribution is as follows; 



First : calculate the two values of a and b Second : calculate the standard variation 


U If X is a continuous random variable whose probability density function; 
x » 2 


f(x) 


I 

« 16 
I Zero 


Where 0 < x < 4 
otherwise 
Find : First : P(X < 2) 


Second : p (I < X < 4) 


n if x is a continuous random variable whose probability density function : 
-5^-L Where a < x < a • 2 


fix) 


I 


Zero otherwise 
Find : F irst : the value of a 


Second : p (X < 3) 


For more activities and exercises, visit www sec3mathemahcs com eg 
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Accumulative test 



Accumulative fast 



1 '' In the spinning wheel game, the wheel has been divided into 16 identical sectors numbered 
from I to 16. What is the probability the indicator lands on an odd number know n that it is 
landed on a number greater than 5? 

2 Reads : the next table shows the probability distribution for the number of the accidents 
expected during the rain days on the roads 


Number of 

accidents 

zero 

1 

2 

3 

4 

5 

6 

Probability 

0.1 

0.26 

0.31 

0.14 

0.11 

0.06 

0.02 


Calculate the expected value for the number of these accidents. 


fledt^ : Some electronic sites have formed a survey related to the most TV program seen by 
people and the results have been recorded as shown in the following table : 


Type of the 

Cultural 

Social 

News 

Sports 

Entertaining 

Others 

Probability of 

occurrence 

0.14 

0.2 

0.24 

0.18 

0.16 

0.08 


• Represent these data by columns 


h Prove that these data represent a probability distribution 

c If a spectator lias been randomly chosen, find the probability of choosing a social or 
sports program. 


d Do a report about the effects media on forming the social culture. 


ftfmrK : 7 racers have participated in a short-range 
nice, the probability to win such a race has been 
represented in the opposite graph : 

• Show which of these distributions represents a 
probability distribution. 

b hind the probability racers h. a. and c to win this 
competition. 

s) If X is a continuous random variable whose 

probability density function is : 
r x ♦ I 

t, . — r; — where 0 < x < 4 

f(x) = 12 

zero otherwise 



Kind : first : p(X < 2) 


Second : p (2 < X < 5) 
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introduction 


The normal distribution is 
considered one of the most 
important probability distributions 
learned in the statistics curricula 
due to its various uses to the outcomes of some processes in the physical, economic and social sciences 
and it deals with the phenomena of our daily life. The french scientist Abraham de Moore was the first to 
use (he normal distribution in 1756 in one of its prints. Some other scientists such as the (ierman scientist 
Carl Friedrich Uausst 1777-1855) has participated in developing the normal distribution. The normal 
distribution it sometimes named after him I Gauss curve >. 


Cart Krirdrirk (aim Abraham dr Moisrr 

The most well-known application of the normal distribution is the administrative evaluation 
of the subordinates in order to ensure the justice. The normal distribution is used to study the 
ns of analyzing the slope and it has a close relation with the control charts and so on. 


By the end of the unit and carrying 
Identify the normal 
distribution and its properties 
Calculate the probability of 
the standard variable. 

Calculate the probability 
of the non-standard normal 
variable. 

Identify the standard normal 
random variable and the 
general form of the curve 


out the involved activities, the student should be able la: 


representing the density 
function of this variable. 
Convert any non rial random 
variable into a standard 
normal variable. 

Find the values of the 
probabilities of a random 
variable with a standard 
normal distribution using the 
statistical tables. 


Explain the properties of the 
normal distribution curve 
and some phenomena it 
expresses. 

Explain the results which 
they have obtained through 
calculating the probability of 
the normal random variable. 
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lesson (4-1 Normal distribution 

Lesson <4-2 Some practical applications on the normal distribution 


Scientific calculator 


d> 


Normal rlictrihi itinn 



Properties of the normal distribution 


Standard variable «- 

I 

Density function 

l 

Properties 


Normal variable 
Properties 


( Some practical applications on the normal distribution ) 


Statistics 


f 
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Normal distribution 



Introduction: 

The normal distribution is one of the most important continuous probability distributions since 
it has important theoretical properties, Furthermore. the outcomes of the normal distribution can 
lake any value within an interval of the real numbers. For example, the lengths of adults, the 
weights of babies as they were bom and the intelligence degree of people and so on. The normal 
distribution can be described as a mathematical equation identifying its curve. This equation 
is identified thoroughly by knowing the expectation lmean> fi and the standard deviation O . 
This curve is bell-like. It is symmetrical on the straight line x-fi and its two ends are converged 
from the horizontal axis where its two ends expand infinitely as 
shown in the opposite figure. 

Normal random variable: H 

It is said that the continuous random variable x is “a normal random variable” if its range can be 
identified by the interval )-« . »| and its probability density function is represented by a bill-like 
curve. The curve of the density function is called the normal curv e or “Gauss curve”. The value 
of the curve is identified by knowing two basic values: the mean JJ and the standard deviation <7 
of the random variable x as show n in the next figures. 





Some properties of the normal curve 

(1) It has one top and its two ends extends to - 

(2) It has a symmetrical axis passing through the top and intersecting the horizontal axis when 

X »//. 

(3) The area of the region placed under the normal curve and above the X axis equals I . 

( 4 ) From symmetry, we find that the straight line X = // div ides the area placed under the curve 
and above the X axis into two regions: the area of each region = 0.5. 


Materials 


C Scientific calculator. 
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Normal distribution 4-1 


(5) The approximate area of the region under the curve and above the X axis can be calculated 
in regard to the following intervals: 

> From p - <7 to p + (7 = 68.26 the total area . 

> From p - 2(7 to p ♦ 2(7 ■ 95.44 ** the total area . 

> From p - 3(7 to p ♦ 3(7 = 99.74 % the total area . 



Noting , 11 k* number of data should be big in order to make the normal distribution approxi mated 

0 Example 

1 If the lengths of students at a school follow a normal distribution of an average of 160 cm. 
the standard deviation is 4 cm. a student is randomly chosen, find the probability of the 
length of the student is: 

» Taller than 172 cm b Shorter than 156 cm 

c Included between 156 cm and 168 cm 

^ Solution 



From the given data, wc find that: the mean p = 160 and the standard deviation (7 = 4 
Hy comparing the data with (he normal distribution curve, we find that: p ♦ 3 x ■ 160-4-3 04 so. 

• PU > 172) =PU >p + MJ) 

V The area from p - 3(7 to p ♦ 3(7 = 0.9974 

The area from p to p + 3(7 = 0.9974 + 2 = 0.4987 
The area on the right of p ♦ 3(7 = 0.5 • 0.4987 = 0.0013 
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b Ptx < 156) ■ Ptx < p-O) 

V The area from /J - <7 to // ♦ O = 0.6826 

The area from // to /J - <7 = 0.6826 + 2 = 0.3413 
The area on the left of fi • a = 0.5 - 0.3413 = 0.1587 
c P(I56 < x < 168)« P<// -<J<x</J + 2 0)m Hjj-O < x < //> ♦ Pi fi < x < H + 2 <7) 
a M£J 6 + 0.9544 _ 0 34 ^ + 0 .4772 = 0.818 

H Try to »olvr 

1 If the weights of the students in a faculty follow a normal distribution fj of an average = 68 

kg and its variance is 16 kg 2 , find: 

* The probability that the weight is greater than 72 kg 

b The percentage of the students whose weights range between 64 kg and 72 kg "the 
weight of each student". 

c The number of the students whose weights are more than 64 kg if the total number of 
the college students is 2000 students. 

Th« standard normal distribution 

In the normal distribution, we have noticed 
that when you find the probability, the lengths 
of the intervals are multiples of the standard 
deviation in order to calculate the probability. 

Hence, it has been proper to conv ert the normal 
distributions into standard normal distributions by converting the values of (x) into standard 
values of (/) in terms of the mean fj and the standard deviation <7; at which H = 0 . O = I 

If the probability distribution of the random variable x is the normal distribution by a 

mean // and standard deviation <7. then 7 . = x ‘A is the standard normal distribution 

<7 

whose mean is /J * zero and standard deviation (7 ■ 1. 

Some properties of the density function of the 

standard normal distribution (z). 

(1) The curve is located above the horizontal axis (X axis). 

(2) It is symmetrica! in terms of the vertical axis(Y axis). 

(3) The two ends of the curve extends infinitely without 
getting converged w ith the horizontal axis. 

(4) The area of the region under the curve and above the 
horizontal axis ■ I. 

(5) From the symmetry, we find that the vertical axis divides the region under the curve and 
above the horizontal axis into two regions the area of each = 0.5. 

(6) The approximate area of the region located under the standard curve only and above any 
interval |a . b| by special tables can be calculated. 
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The table of the area under the standard normal distribution curve: 

To convert the normal distribution X into standard normal distribution Z 
you use the relation 

Z = * '/* . from the table of the standard normal distribution attached at the end of the book. 

a 

you can find the required area . 

Here, we explain how you can use the table of area under the standard normal distribution. 



P(0 < Z < 0.051 ■ the area under the standard normal distribution is above the interval |0.0.051 
i.e. z = 0.05. and so, we search in the table in raw 0.00 and under the column 0.05. to find 
the number is 0.0199 
P(0<Z <0.051 = 0.0199 

PiO < Z < 0.4) = the area under the standard normal distribution is above the interval |0.0.41 
i.c. / = 0.4 . and so. wc search in the table in raw 0.4 and under the column 0.00. to find the 
number is 0.1554. 

,\ P(0<Z <0.4) = 0.1554 

P(0< Z<0.63) = the area under the standard normal distribution is above the interval [0,0.63] 
I.c. 7 = 0.63 . and so. wc search in the table in raw 0.6 and under the column 0.03. to find 
the number is 0.2357. 0.2357 
P(0< Z <063) = 0.2357 

P(0 < Z < 2.57) = the area under the standard normal distribution is above the interval |0.2.57] 
I.e. z = 2.57 . and so. we search in the table in raw 2.5 and under the column 0.07. to find 
the number is 0.4949 

,\P(0<Z< 2.57) = 0.4949 
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Calculating the probability of the standard normal variable: 

(1) To find the area of the region under the curve in the interval [0 , k| 
from the table 


1111 * table of areas under the standard normal curve gives the 
approximate area above the interval |0 . K| and under the 
normal curve where K > 0. i.e. the table directly gives us 



P|0<Z<K) 


f nr Pxamnlp P <0 < 7 .< n W » O 11 70 . P (0 < Z < 0.64) * 0.2389 

P(0<Z< 1.7) = 0.4554 . P<0<Z< 2.45) = 0.4929 

Name that piz > i.4)=o.5-pto<z< i.4> 

= 0.05-0.4192 
■ 0.0808 

SiamatlM: P(Z<0.95) = 0.5 ♦ PtO < Z < 0.95) 

= 0.5 + 0.3289 
= 0.8289 

(2) Finding the area of the region under the curve 
in the interval |- K , 0| from the table 



brum the symmetry of the standard normal curve around the vertical axis, we find that: 


P(-K<Z<0» =P(0<Z<K) 

EflLfi*amfl|fcP<*l.25<Z<0) = P<0<Z< l.25> = 0.3944 
. P(-2.24 < Z < 0) > P (0 < Z < 2.24) ■ 0.4875 

, P(Z < -1.6) »0.5-P(-l.6<Z<0) 

= 0.5 - P(0 < Z < 1.6) 

= 0.5-0.4452 = 0.0548 
, P(Z > -2.32) ■ 03 ♦ P (-2.32 < Z < 0) 

= 0.5 ♦ P (0 < Z < 2.32) 

= 0.5 + 0.4898 = 0.9898 

Notice that: P(- K <Z< K) = 2 OP<0 < Z< K| 

For pxamole: Pt- 1.4 <Z< 1.4) = 2 OPlO < Z < 1.4) 

= 2 00.4192 = 0.8384 




-2.33 



. Pi - 2.0 < Z < 2.0) = 2OP(0<Z< 2.0) = 2 00.4772 = 0.9544 
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Normal distribution 4-1 


(3) Finding the area »r the region under the curve in any interval |C , F) 


In this case, it is favorable to draw the standard curve and observing that the vertical axis 


divides the area under the curve and above the horizontal axis 
into two equal areas and (he area of each = 0.5. 

First: P< - C < Z < F.) where C and F. are positive. 



= P (- C < Z < 0) + P (0 < Z < F.) 

= P<0<Z<c> + P(0<Z<E) 

Second P (C < Z < E) ■ P (- E < Z < -C) 

■ P(0<Z<E)-P<0<Z<C) 

Pot eiamaie. 

< 1) Pt-0.7<Z<2.4> 

■ P < -0.7 < Z < 0) ♦ P(0 < Z < 2.4) 

= P<0 < Z < 0.7) ♦ P(0 < Z < 2.4) fnwn symmetry 
= 0.2580 + 0.4918 = 0.7498 

(2) P(-l.62 < Z<0.44> 

= Pt-1.62 < Z < 0) ♦ PtO < Z < 0.44) 

= P (0 < Z < 1.62) ♦ PtO < Z < 0.44 > from sy mmetry 

■ 0.4474 ♦ 0.1700 ■ 0.6174 





-1.62 

0.44 


(3) P(0.4<Z< l.6) = P(0<Z< 1.6) - P(0<Z<0.4) 

= 0.4452 - 0.1554 = 0.2898 

(4) P(- 1.4 < Z < -0.34) 

= Pt- 1.4 < Z<0) - P(-0.34 < Z<0) 

= P(0 < Z < 1.4) 4 P(0 < Z < 0.34) from symmetry 
= 0.4192-0.1331 =0.2861 




-1.4 -0..V4 



example Finding the area under the standard normal curve 


2 If Z is a standard normal random v ariable, find: 

■ P|Z < 1.12) b PiZSM M) 

O’ Solution 

■ P(Z< 1.12) 

» Pt0CZ< 1.12) ♦ P(Z<0) 
■ 0.3686 ♦ 0.5 ■ 0.8686 


c P(0.48 < Z < 2. 1 ) 
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b P(Z> 1.64) 

-P<Z>0>-P<0<Z< 1.64) 

* 0.5 - 0.4495 = 0.0505 

c P(0.48<Z<2.I) 

= P<0 < Z < 2.1) - P(0 < Z < 0.48) 
-0.4821 -0.1844 « 0.2977 



Q Try to »olv« 

2 If Z is a standard normal random variable, find: 

■ Pt0<Z<0.82> b |\Z>2.32) 

c F(Z < 1.64) d P) 1.08 < Z < 3.12) 



Example 

(*) IfZ is a standard normal random variable, find: 

• F(Z < * 0.56) b hZ>-l.06) 

e IV 1.2 <Z< 2.48) 

^ Solution 

• P(Z < - 0.56) 

- P(Z > 0.56) 



= 0.5 - P(0< Z<0.56) = 0.5 -0.2123 = 0.2877 


b P(Z>- 1.06) 


= P(Z< 1.06) 

« P(0<Z< 1.06) + 0.5 
= 0.0636 + 0.5 = 0.5636 



c IV 1.2 < Z < 2.48) 

= PI- 1.2 < Z < 0) + PI0 < Z < 2.48) 
= P(0<Z< 1.2) ♦ P(0<Z< 2.48) 
- 0.3849 + 0.4934 - 0.8783 
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d h-2.2<Z<-0.46) 

■ P(- 2.2 <Z<0>- Pi-0.46 <Z<0) 

■ P(0 < Z < 2.2) - P(0 < Z < 0.46) 

* 0.4861 - 0 1772 = 0.3089 

n Try to aolvo 

l' If Z is a standard normal random variable, find: 

■ P(Z < - 0.56) b P<Z^-I .06) 

c P(-1.2 <Z< 2.48) d Pt-2.2 < Z <-0.46) 




E>ample 


Converting from a normal variable into a standard normal 
variable 


« 


If X is a normal random variable whose mean is fJ and standard deviation is O , find: 


■ P|X >//- l.5<T> 

C K//- I960 < X </J+ 1.96(7) 

^ Solution 

a P(Z > /*-<*»-*-/< )=P(Z>-IJ) 

a 

■ P(- 1.5 <Z< 0)4 0.5 
= P(0 < Z < 1.5) ♦ 0.5 = 0.4332 ♦ 0.5 


b PtX<^0.5(T> 



b ZtX<//-0.5q)«PlZC-/ < ' qo - s ’/ < ) 

O 

m P(Z < - 0.5) ■ hZ > 0.5) 
a 0.5 - PtO < Z < 0.5) a 0.5 - 0.1915 a 0.3085 

c Pt//- 1.96(7 < X <//♦ 1.96(7) 

. n M <* 196 // Z * M ) 

a a 

= P(- 1.96 < Z< 1.96) 

- 2 PtO < Z < 1.96)« 2 0 0 4730 = 0.95 




IJ Try to iolv* 

4 If X is a normal random variahlc whose mean is // and standard deviation is <7. find: 


■P P(X < JJ - 2.1(7) b (X >//♦ 0.8(7) 

c P(//-1.48(7 < X <//♦ 1.48(7) 
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Example 


S If z 


is a standard normal random variable, find the value of k in each of the following eases : 


* P(Z> K)«0.1056 
c P (-0.44 < Z < K> = 0.55Kb 


b P(Z<K)>0.II5I 
d P(K<Z< 2.1) = 0.2906 


^ Solution 

a We notice mat: 

The area < 0.5 and the sign of the inequality "greater 
than", so K lies at the positive interval as shown in the 
opposite figure. 

VP(Z>K)-0.1056 
0.5 - P(0 < Z < K) ■ 0.1056 
.*. P(0 < Z < K) = 0.5 - 0.1056 = 0.3944 
In the area tables, we try to find the number (Zl or the nearest number corresponding the 
area 0.5944. We find that 1.2 is under the differences 0.05. I.t k = 1.25 

b We nntirp that - 

The area < 0.5 . and the sign of the inequality "less than", 
so k lies at the negative interval as shown in the opposite 
figure. 

V P (Z < K) = 0.1151 

From the symmetry in the curve, we find that: P (Z > KI = 0.1151 
.'.0.5 - PtO < Z < K) ■ 0.1151 
.-. P(0<Z<K)»0.5 0.II5I ■ 0.3849 

;. K s • 1.2 (notice that k lies at the negative part) 

c We notice that . 

The area > 0.5 and an end of the interval lie at the 
negative interval, so the other end of (he interval i lies 
at the positive interval as shown in the opposite figure. 

V P (-0.44 < Z < K) > 0.5588 
.*. P (-0.44 <Z<0) + P(0<Z<K) = 0.5588 
.*. P (0 < Z < 0.44| + P (0 < Z < K) = 0.5588 
/. 0.17CX) + P(0<Z<K) = 0.5588 
.*. P (0 < Z < K) = 0.5588 - 0.1700 = 0.3888 

.*. k = 1.22 
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d 


We notice flat ; 

I tie urea < 0.5 and an end of the interval lie ut the 
positive interval, so the other end of the interval g 
lies at the positive interval us shown in the opposite 
figure, talso PfO < Z < 2.1) >0.2006) 

V P(K < Z < 2.1) = 0.2906 



K 2.1 


.\PtO<Z< 2.1) - P(0 < Z < K) = 0.2906 
.".Pt0<Z<K) = Pt0<Z< 2.1)-0.2906 
= 0 4X21 -0.2906 = 0.1915 ,\ K s 0.5 


n Try to sotwo 

5 If Z is a standard normal random variable, find the value of k in each of the following cases: 


• P(Z> K) = 0.1980 
c P<-2.4 <Z<K) = 0.7970 


b P<Z< K)*0.l980 
d P t K < Z < 2.5) = 0.8238 


Example 


« It x is a normal random variahlc whose mean is /V and standard dev iation is <7 


■ If: P(X > 180) 

= 0.0062 

. // = 165 

calculate <7 

b If: P(X > 35) 

= 0.8643 

. <7 = 5 

calculate (1 

c If: PtX < 170) 

= 0.0228 

. <7 = 7 

calculate // 

d If: P(X < K) 

-0.8944 

, JJ m 125 . <7- 8 

calculate K 

• If: P(X > K) 

= 0.9452 

. /J= 50, <7= 5 

calculate K 


O Solution 


a PtX > 180) = P<Z> 180 = 00062 

<7 

P(Z > K) =0.0062 where K K > 0 

<7 

.".P(0 < Z < K) - 0.5 -0.0062 ■ 0.4958 


K = 2.5 
. 15 .1 


- 2015 

<7= 5 


<7 = 6 
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b P(X >35)- P(Z> ^jJl) .0.8643 
A P(Z > K) » 0.8*43 where 
A K= QjM . K < 0 
A P (0 < Z < -K) ♦ 0.5 = - 0.8643 



P(K <Z<0>-0.8643-0.5 - 0.3643 
M-M .-II 35 - // = -5.5 

A n ■ 35 ♦ 5.5 .\ n = 40.5 

c P(X< 170) = P(Z<-129_iL)« 0.0228 

A P(Z < K) = 0.0228 where K =J2^LJL, K < 0 
.\ P (K < Z < 0> = 0.5 - 0.0228 = 0.4772 



A K = -2 

A 170-// m .2 170-/1 =-14 

d P<X<K) = P(Z<^-^) = 0.8944 

A P(Z<z) = 0.8944 

. K - 125 

where z = —- — . z > 0 

A P (0 < Z < l) • 0.8944 - 0.5 ■ 0.3944 

It . !■>< 

A = 1.25 A K - 125 = 10 

• P(X > K) = P(Z> = 0.9452 
A P(Z>z> = 0.9452 
w here z ■ —-— , z < 0 
A P (0 < Z < -z) = 0.9452 - 0.5 = 0.4452 
A^-li? = -l .6 A K - 50 = - 8 


A// = 170 -f 14 jJ = 1K4 




Q Try to solve 

• If X is u normal random variable whose mean is /f . standard deviation is <7. 
P(X < 19) = 0.7734 ami P (X > 10) = 0.9332. calculate the value of fi and <7. 
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Normal distribution 4-1 


mz Exercises 4-1 

« K Z is a standard normal random variable, find : 


a 

P(0<Z< 1.15) 

• 

P(0<Z<2.42) 

b 

P(-0.04<Z<0) 

9 

P(-l.63 < Z < 0) 

c P(-0.7 < Z< 0.7) 

a 

P(-I.65<Z< 1.65) 

d 

P<-2.42<Z< 1.67) 

a 

P(-l.73 < Z <0.64) 

• 

P (0.74 < Z < 1.02) 

a 

P( 1.4 < Z < 2.2) 

f 

P(-2.l < Z < -0.92) 

• 

P(-I.3<Z< -0.84) 

g 

P(Z< 1.44) 

• 

P(Z < 2.05) 

b 

P(Z < -1.14) 

• 

P(Z < -2.32) 

i 

P(Z < 0.65) 

9 

P(Z< 1.42) 

l 

P(Z < -0.45) 

• 

P(Z < -1.6) 


2 If Z is a standard normal random variable, find the value of the real number k which satisfies: 


a 

P(0<Z< K) 

= 0.3554 

b 

P(K <Z<0) 

-0.4120 

c 

P(-K<Z<K) 

= 0.2206 

d 

P(Z< K) 

= 0.9754 

a 

P(Z< K) 

= 0.1977 

t P(Z>K) 

= 0.0934 

g 

P(Z> K) 

- 0.9955 

h 

P(K <Z< I II) 

= 0.6660 

1 

P(K <Z<2.22) 

-0.2446 

1 

P(-I.7<Z< K) 

= 0.3261 


3^ Z is a standard normal random variable, if : 

• P<Z< K) = 0.1736 Find: P<K <Z< 1.7) 
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b 

PlZ > K> -0.0207 

Find: P(0.56<Z< K) 

c 

P(Z<K) -0.8944 

Find: P(-0.7<Z<K) 

d 

P40.4<Z<K) =0.3110 

Find: P(Z < K) 

• 

P(l.4< Z < K) -0.0770 

Find: P(-I.4<Z<K) 

f 

P|K<Z<I.7) -0.8586 

Find: P(K <Z<0.75) 

X is a normal random variable whose nvean is (A, standard deviation is 

a 

PlX < 90) -0.0668 . fj = 102 

Calculate (7 

b 

PtX > 62) = 0.0548 . fi = 50 

Calculate <7 

c 

P(X >48) = 0.0228 . <7 = 4 

Calculate /r 

d 

PlX >68)-0.1056 . <7 =6.4 

Calculate /i 

• 

PlX >42) = 0.8944 . <7 =6.4 

Calculate /* 

f 

Pl//-KC7<x<// + K<7)« 0.438 

Calculate K 

g 

P|X< K) = 0.2119.//= 42. <7 = 5 

Calculate K 

h 

PlX < K) = 0 8413 . fj. = 72 . <7 = 8 

Calculate K 

i 

PlX > K) « 0.9772 . /* - 60 . <7 * 4 

Calculate K 


Answer the following questions 

a If X is a normal random variable whose mean is 120. standard deviation is 10 and 
p (X < K) = 0.9599. find the value of k . 

b If X is a normal random variable whose mean is fj . standard deviation is <7 = 5. find the 
value of JJ which makes p | X < 35) = 0.0228 


c If X is a normal random variable whose mean is p - 8. standard deviation is <7 - 2 and 
P|K > X) = 0.1056. find: 

First : The value of k . Second : PlX < 10) 


d If X is a normal random variable whose mean is fi and standard deviation is <7 . find 
Pl//-^<7 <X</* + |<7) 
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• If Z is a standard normal random v ariablc. find the value of k which satisfies : 

First : PtZ > K) = 0.0281 
Second : P<- l< Z < K) = 0.7918 

f If X is a normal random variable whose mean is 18 and standard deviation is 2.5. find : 
First: P(X < 15) 

Second: P<I7< X < 21) 

g If X is a normal random variable whose mean fj = 24 and standard deviation 0 = 5. find: 
First : P (X > 32.5) 

Second : P< 14 < X < 29) 

g If X is a normal random variable whose mean ■ 48 and standard deviation <7 = 5. find: 
First : P (43 < X < 59) 

Second : The value of K if Ptx > K) = 0.1841 . 

h If X is a normal random variable w hose mean = 17 and standard deviation 0-2. find: 
First : P<I6< X < 20) 

Second : PtX > 15) 

I If X is a normal random variable whose mean is 32 and variance is 16. find : 

First : PtX < 25) 

Second : P<28 < X < 35) 

j If X is a normal random variable whose mean H = 8 and standard deviation 0 = 2. find: 
First : PtX < 10) 

Second : If P (X > K > = 0.1056 . find the value of k . 
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Unit 4 


Some practical applications of 



Introduction: 

In the previous lesson, you became familiar with the normal distribution and its properties and 
you also knew the standard normal random variable and how to find it in terms of the mean and 
the standard deviation. You also knew how to calculate the probabilities of a random variable 
with a standard normal distribution using the statistical tables. 

In this lesson, you are going to learn some different uses of the normal random variable for 
studying some phenomena it may express. 

^ E ’ , * mp,# Industry 

1 A machine in a factory produces cylinders of lengths follow a 
normal distribution whose mean is 56 cm and the standard deviation 
is 2 cm. The cylinder is only valid if its length ranges from 51 cm 
to 60 cm. A random sample has been randomly chosen out of 1000 
cylinders. How many cylinders are expected to he valid? 

^ Solution 

let X he a normal random variable expressing the cylinder length: 

The probability of (the cy linder is valid! « P <51 < X < 

- P(2LlMl < z < & 2 - ) 

■ P<-2.5 < Z < 2) 

= P(-2.5 < Z < 0) ♦ P (0 < Z < 2) 

» 0.4938 + 0.4772 = 0.9710 
The number of cylinders expected to be valid= 1000 D0.9710 = 971 cylinders 
Q Try to solve 

l) Income. If the salaries of a 200- worker group at a factory follow a normal distribution 
whose mean is 175 LE and its standard deviation is 10 LE. How many workers do their 
salaries range from 170 LE to 180 LE?. 

Materials 0 Scientific calculator. 
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tMimepracticalapplicationsofthenormaldistribution 4-2 



Example 



Eflutauon. If the marks of (he students at a school are a normal 
random variable whose mean // ■ 44 and its standard deviation 
is O where 22.669f of students have got more than 50 marks, 
find the value of O 



^ Solution 

I ,et X be the normal random variable expressing the marks of the students 
P(X 

SO - 44 

P (Z > ) = 0.2266 

O 

P(Z > K) = 0.2266 where K = — , K >0 

<7 K 

P(0<Z<K) = 0.5 -0.2266= 0.2734 

/. K=0.75 — = 0.75 a = = 8 

a u ' 5 

Q Try to »olvo 



If the marks of the students in an exam follow a normal distribution whose mean is 60 and 
its standard deviation is 12 and a student has been randomly chosen, find the probability that 
the mark of that student is between 66,75 marks. If 15** of the excellent students have got 
an Excellent rank, find the least mark of the student getting an Excellent rank. 



Cxampl* 


3 Length : If the lengths of the students at a high school follow a normal distribution whose 
mean fj ■ 160 cm and its standard deviation (7 = 5 cm. find the probability that the length 
of any student differs fmm fU not more than 8 cm . 


O- 


Solution 

Let X be a normal random variable expressing the lengths of the 
student and the length difference from fl -1 x - /i I” i.c. the absolute 
difference between the length and the mean // ” 

.\ P<IX-//I<8) = POX - 1601 < 8) 

Pi-8<X- 160 < 8) 



The expression: 

|x-a| < b 

h equivalent to the 
expression: 

-b< *-a< b 


■ P(152 < X < I68> 
. P( i52_J60 <z< iM_JM 

= P(-l.6 < Z < 1.61 
= 2 DP(0 < Z < 1.6) 

■ 2 00.4452 - 0.8404 
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i Weig hts, If the weights of the students at a primary school follow a normal distribution 
whose mean is 30 kg and its standard deviation is 5 kg. calculate the percentage of the 
number of the students whose weights are more than 45 kg and so is the percentage of the 
number of the students whose weights range between 25 kg and 35 kg. 

Q Example 

4 If the wages of the workers at a factory follow a normal 

distribution whose mean fj - 75 LF and its standard deviation 
O = 10. find: 

a The percentage of the workers whose wages are more then 90 LE 

b The percentage of the workers whose wages are less then 55 LE 

c The pereentage of the workers whose wages range between 6t> LF 
and HOLE. 

^ Solution 

a vP(X>90)»P(Z> 2e j ^ 5 ) 

= 0.5 - P (0 < Z < 1.5 ) = 0.5 - 0.4332 = 0.0668 
The pereentage of the workers whose wages are more then 90 IT. = 6.6K% 

b V P(X < 55) =P(Z< 55 1( p 5 ) = P(Z < - 2) 

= 0.5 - P (0 < Z < 2) = 0.5 - 0.4772 = 0.0228 
The percentage of the workers whose wages arc less then 55 IT. = 2.28% of the total 
number 

c VP<60<Z<H0J <Z 

= P(- 1.5 < Z < 0.5 ) = P ( 0 < Z < 1.5) + 

P ( 0 < Z < 0.5 ) ■ 0.1915 + 0.4332 ■ 0.6247 
The percentage of the workers whose wages range between 60 LF and HO LF = 
62.47% of the total number of the workers at the factory. 

n Try to aotvo 

4 let the marks of an cum he u ruirmal variable by expectation 76 and standard deviation 15 
marks. By ordering the excellent students getting a mark higher than a mark, they represent 
15% of the total students. Hy ordering the students getting marks lower than ft mark, they 
represent 10% of the total students, hind: 

• The least mark Or to consider the student belonging to excellent . 

b The falling mark ft . 
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ExarclMi 4-2 =L® 

Cly If the salary of 1000 families in a city is a 
normal random variable whose mean is 1701 
its standard deviation is 20LE. and a family bits 
been randomly chosen, find: 
a Pie probability the salary is included 
bclwccn 100 LE and 200 LE . 
b The number of families whose salaries are more than 150 I.E. 

2^ If the weights of the students at a faculty follow a normal distribution whose mean is 08.5 kg 
and its standard deviation is 2.5 

a calculate the percentage of the number of the students w hose weights range between 
07.5 kg and 71 kg. 

b If the number of the students is 1000 students, calculate the number of the students 
whose weights are more than 71 kg . 

A sample of 200 students at a school has been randomly taken. If their 
ages represent a normal random variable whose mean is 16.0 and its 
standard deviation is 1.2. find the number of the students whose ages 
are less thun 10 years of this sample . 

If the lengths of 2000 students at a faculty follow a normal distribution 
whose mean is 170 cm and its standard dev iation is 8 cm. find the 
number of students w hose lengths are less than 170 cm . 

If the salary of 500 families represents a random variable x following 
the normal distribution by expectation fJ = 500 LE and standard 
deviation <7 = 20 I..E. find 

• The number of the families getting a salary more than 550 I.F.. 
b The maximal salary of 4Of of the families getting the lowest salaries . 

If the salary of 200 families is a random variable x following a normal distribution by 
expectation /J = 400, standard deviation O = 80 I.F. and a family has been randomly chosen, 
find 

* The probability the salary of the family is more than 500 LE at maximum 
b The number of the families getting a salary 500 LE at maximum . 

If the life time (in hours) of a type of batteries is a random variable 
following u normal distribution whose mean is 2000 hours and its 
standard deviation is 120 hours: What is the probability the battery 
would keep working for more than 1800 hours? 
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8 If ihc salary of a 500 - employee group follows a normal distribution whose mean is I HO LE 
and its standard deviation is 15 I.K. find the numbers of employees whose salaries are less 
than 198 LE. 

9 If the rainwater rise during February follows a normal distribution whose mean fd = 3 cm 
and its variance <7 2 = 4 cm 2 , find the probability the rainwater rise in February next year: 

a More than I cm b Between 3.5 cm and 4 cm 

10 If the temperature in August follows a normal distribution whose mean // = 35 degrees and 
its standard deviation (7 = 5 degrees, find the probability the temperature on a day during 
this month w ill be 

• Between 2H degrees and 38 degrees. b More than 39 degrees. 

c Between 2b degrees and 32 degrees. 

31 1000 adults have been applied to the enlisting management. If their lengths follow a normal 
distribution whose mean is 170 cm and its standard deviation is 10 cm. find the number of 
the adults: 

a Whose lengths are less than 190 cm 

b Unaccepted if the minimal required length is 155 cm 

12 It is found that the lengths of a certain type of plants are distributed in 
regard to a normal distribution whose mean is 50 cm and its standard 
deviation is <7 . If it is known that the lengths of 10.56** of these plants 
are less than 45 cm. find the variation of the lengths of these plants. 

'll If the weights of the students in a faculty follow a normal distribution 
whose mean is 65 kg and its standard deviation is <7 . If the weights of 
33*1 if the students are more than 70 kg. 

■ Find the value of <7 

b If the number of the students is l(XI students, calculate the number of the students w hose 
weights are less than 67.5 kg 

14 If the weights of the students in a faculty follow a normal distribution whose mean is 68.5kg 
and its standard dev iation is 2.5 kg: 

• Calculate the percentage of the students whose weights range between 67.5 kg and 71 kg 

b If the number of the students is 1000 students, calculate the number of the students 
w hose weights are more than 71 kg. 

15 If the marks of the students at a school arc a normal random variable whose mean fi = 42 
and its standard variation is a w here 26.1151 of the students got more than 50 marks, find 
the value of <7. 
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In a m,nh exam, the marks of the students have a normal distribution whose mean is 70 and 
its standard deviation is 5. find the number of the students whose marks are more than 78 
known that the number of the students did the exam are 100 students . 

17 A factor) 1 produces cylinders of lengths follow a normal distribution whose mean is 56 cm 
and its standard deviation is 2 cm. The produced cylinders arc valid if only their lengths arc 
included between 51 cm and 60 cm. A random sample of 1000 cylinders has been taken. 
How many cylinders are expected to be valid? 

'is If the radius lengths of the cylinders produced by a factory follow a normal distribution 
whose mean is 25 cm and its standard deviation is 20cm. t he cylinder is invalid if its radius 
length is less than 20 cm or more than 28 cm. If a cylinder has been randomly chosen, find 
the probability the cylinder is invalid. 

Cl9 If the weights of a group of the experimental animals follow a normal 
distribution whose mean is fl gin and its standard deviation is 10 gm and 
known that Ptx > 180) ■ 0.1587. calculate the mean 

20 If the marks of the students in an exam represent a random variable following 
a normal distribution whose mean is fJL and its standard deviation is <7. find: 
a The probability the students get a mark more than <// * <7). 
b The pea-entage of the students w ho gel marks included between: ifl - 2<J) and {fj ♦ 2<7>. 

it is found that the lengths of a certain type of plants are distributed in regard to a normal 
distribution whose mean is and its standard deviation is 4 .If it is known that the lengths 
of 10.56^ of these plants are less than 45 cm, find the mean fj of the lengths of these plants 

22 If the temperature in January follows a normal distribution whose mean is 16 degrees and 
its standard deviation is 4 degrees, find the probability the temperature on a day during this 
month will he: 

• Between 14 degrees and 20 degrees, 
b More than 15 degrees. 

23 In a community, it is found that the intelligence follows a normal distribution whose mean 
is 104.6 and its standard deviation is 6.25. 

• Kind the ratio of the individuals w hose intelligence ranges betw een ‘JO and 120 
b Kind the ratio of the individuals whose intelligence is more than 110. 
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Unit summary 

Normal random variable 

The range of the continuous random variable x is identified by the interval |-* , x| and its 
probability density function is represented by a bell-like curve. The shape of the curve is 
identified by knowing two values: the mean fj and the standard deviation <7. 

Some properties of the normal curve 

1 It has one top and its two ends extends to - * , ® . 

2 It has a symmetrical axis passing through the top and intersecting the horizontal axis when 
X=//. 

3 The area of the region placed under the normal curve and above the X axis equals I. 

4 From symmetry, we find that the straight line X = fJ divides the area placed under the curve 
and above the X axis into two regains: the area of each region ■ 0.5. 

5 The approximate area of the region under the curve and above the X axis can be calculated 

in regard to the follow ing intervals: 

> From // - O to ♦ O m 68.26 of the total area . 

> From JJ - 2<J lo fj + 2(7 ■ 95.44 % of the total area . 

> From fi - 3<7 to // ♦ 3<7 ■ 99.74 % of the total area . 

The standard normal distribution 

If the probability distribution ot the random variable x is the normal distribution by a mean fU and 

. . u 

standard dev iation a . then .Z =-— is the standard normal distribution whose expectation is 

O 

zero and its standard dev iation a I. 

Properties of the density function of the standard normal disiribulion(Z): 

1 The curve is located above the horizontal axis. 

2 It is symmetrical in terms of the vertical axis. 

3 The two ends of the curve extends infinitely without getting converged w ith the horizontal 
axis. 

4 The area of the region under the curve and above the horizontal axis = I. 

5 From tile symmetry, we find that the vertical axis divides the region under the curve and 
above the horizontal axis into two regions of area ■ 0.5 for each. 

6 The approximate area of the region located off under Ihc standard curve only and above any 
interval |a . b| by special tables can be calculated. 

The tables of the area under the standard normal distribution curve: 

To convert the normal distribution variable X into standard norma) distribution variable Z. you 
use the relation: 

Z = . from the table of the standard normal distribution attached at the end of the book, 

you can find the required area. 
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General award 


— 3f? 


1 Prove that for any normal dislribulion of a random variable x whose mean is fJ and its 
slaiKiard deviation is <7. P(x > // + 20) = 0.0228 
yl) If x is a normal variable whose mean is /J and its variance is 64, find the value of fl if 
P(x < 70) = 0.17 


l) Find a if known P (x < 37.25 ) = 0.0446 and // = 50 

4 If x is a normal random variable whose mean // ■ 16 and its standard deviation (7 ■ 4. find 
the value of each : 


a P(x<l9) b P<9<x<20) c P(x>l0> 


S If x is a normal random variable whose mean is fJ . its standard deviation is <7 , 

P(x< 19) ■ 0.7734 and P(x > 10) ■ 0.9332. find the value of // and <7. 

4 If x is a normal random variable whose mean is fJ and its standard deviation is <7. find the 
value of each : 

■ Pt// • 2a < x < H ♦ 2<7) 

b WfJ • 1,35<7 < x < - 0.7(7) then calculate the value of each and (7 

1 If x is a normal random variable whose mean is /J and its standard deviation is (7 and: 

■ P<x >45 > = 0.0228 . <7 = 10 find p 

(b P(x > 15 )« 0.8413 . <7-5 find H 

(e P(x < 55 ) -0.3085 . /*«60 find a 

. If x is a normal variable whose mean is 50 and its standard deviation 10. find: 

■ P(x > 70) b The valucofk if P(x<K) -0.1587 


C* If x is a random variable of a normal distribution whose mean is 100 and its standard 
deviation is 4. 

■ If P( x > a ) - 0.5636 find the value of a 
b Find Pt x < 90 ) 

c Find Pt x > 108 ) 
d Find P(95 < x < 105) 

ClQ If x is a normal random variable whose mean is // . its standard deviation 8 = <7 and 
P(x<40)-0.1587. find: 

■ The value of the mean b P(x > 50) 

Ci$ifz is a standard random variable and: 

■ P(Z > K) ■ 0.1056 find the value of k 

b p(- 0.44 < Z < K) - 0.5588 find the value of k 


At Ashraaf Printing Houm 


Statistics 


101 






(u If x is a normal random variable whose mean is fj and its standard deviation is O, And: 

•)P(x>//> b P(x < fl) 

c P+ d P(x>/4+2<7> 

• P</7-<7 <x < // + 2<7> f P<//-0.5<7 < x <// + 0.5<J) 

(u If x is a normal variable w hose mean is fj, its standard deviation is O and a > 0. find a w here 

• P<//-aCT <\</J + a<7) a 0.6476 

b P<// u<7< x</7 +a<7)-2P(0<Z< 1.48) 

(H Ifx is a norma) variable whose mean is 75 and its standard dev iation is 15, And the value of 
k if P(x > K) = 0.15 

is If x is a normal random variable whose mean is /J ami its standard deviation is 5. And the 
value of H which makes Pfx < 45) equals: 

(« 0.0228 b 0.9332 

16 If the temperature within a month follows a normal distribution whose mean is 

20* and its standard deviation is ji', find the probability the temperature is between 21* and 
25* 

37 |nmme_ The daily wages of a 1000- employee group follow a normal distribution whose 
mean is 400 Lb. standard deviation is 80 Lb and an employee is randomly chosen. And : 

• The probability the wage of an employee is less than 240 Lb. 

b The percentage of the employees whose wages are more than 300 Lb. 

c The number of employees w hose wages are included between 2h0 Lb and 340 Lb. 

11 If the wages of a 500-employee group follow a normal distribution whose mean is 

60 and its standard deviation is 12. And the number of employees: 

• Whirsc wages are not greater than 54. b Whose wages are not less than 81. 

19 Exams: If the marks of the students in an exam is a random variable following a normal 
distribution whose mean is fl and its standard deviation is O. And: 

a The probability the students gel a mark more than (fi - <J\ 

b The percentage of the students getting a mark included between (// - 2<J) and </y + 2<T>. 


For more activities and exercises www sec3mathematics.com. eg 
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V Accumulative lest 


m. 


Accumulative test 




A box contains 15 halls; 5 red halls arc numbered from I lo 5 and 10 black halls numbered 
from 6 to 15. If a hall has been randomly drawn . 

First : Calculate the probability for each of the following two events: 

A The event the draw n ball is red or carries an odd number. 

B The event the drawn ball is black and carries an even number. 

Sprnn d : Are the two events A and H mutually exclusive? Explain. 

If X is a continuous random variable whose probability density function f(x), where: 
K<2x-I|whcn l<x<3 

fI x) = 

. zero otherwise 

Find : 

■ The value of the constant k b P(X>2) 


In a study conducted about the relation between the monthly income X and the monthly 
savings Y in LB for a 20- family sample, the gathered data have revealed the follow ing: 

X X ■ 3000 X Y - 300 XX 2 - 800000 

X Y 2 = 5500 X X Y = 60000 

a Calculate the lineur correlation coefficient between live income and the savings of the 
family . 

b Find the regression line equation . 

e Estimate the amount of money saved by a family whose monthly income is 2000 LE . 
If X is a discrete random variable and you have the next function: 

fix) = * 2 * where x = • I . 0. 2, 3 

18 

■ Find the value of k which makes fix) a probability distribution function of the variable 
X. 

b Calculate the mean of the variable x. e Find P < X < 2). 

5 If A and R are two events of the sample space S for a random experiment and: 

P(A) = ^ . Pt B> = x and P(AUB)' = } 

First: Find the value of x in each of the following two cases: 

a A and B are two mutually exclusive events , b A C B 

Second: If x « | find Pt A D B). 
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6 L pnip th If the lengths of a group of students follow a normal distribution whose mean is fj 
and its standard deviation is X cm. find the value of fJ if the standard length of a IXO cm tall 
student is 1.25 . 

7y Production If x and Y are two variables representing the production in a company where x 
represents the size of the production. Y represents the wages of employees in thousand I.E. 
and the next data about 6 years are show n as follows . 


Size of production 

1000 

2000 

2500 

4<MM) 

2300 

25(M) 

Wages 

150 

200 

150 

700 

180 

200 


Calculate the value of the rank correlation coefficient between the size of the production and 
wages, then show its ty pe. 

• B onus: If the distribution of the bonuses of the workers at a factory follows a normal 
distribution whose mean // = 75 LE. and its standard deviation <J = 10. find the percentage 
of the number of workers whose: 

• Bonuses are more than 90 LE. 
b Bonuses are less than 55 LE. 

c Bonuses are included between 60 LE and XO LE. 

9 Wed the i If the temperature in January follows a normal distribution whose mean is 16 
degrees and its standard deviation is 4 degrees, find the probability the temperature on a day 
w ithin this month is. 

• Included between 14 degrees and 20 degrees 
b More than 15 degrees . 

10 fnpryy mnspruatinn At a factory for producing the saving electric lamps, it is noticed that 
the lilespan of the produced lamps per day follow s a normal distribution w hose mean is fl. 
Us standard deviation is 20 days and the lifespan of 4.95'* of the produced lamps is less than 
100 days. 

a Find the value of /J 

b Within I (KMX) lamps of the produced lamps, estimate the number of the lamps w hose 
lifespan ranges he 100,150 days. 
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Test 1 


Test 1 n. .-.-.-. . . i 

You may use the ralculator and the area table: 

Question 1: 

(a) Complete the following sentences: 

vO If A . B two events of sample space S for a random experiment where Pt B') = 0.6 . the value 
of P(ATt B) ♦ P(A) * P(B I A) = 


l' If Z is j standard normal variable where P( K < Z < 1.5) = 0.03 . the value of K = 

3 If A and B arc two independent events of sample space S for a random experiment where 
PtA) ■ 0.3. P(B) «0.8 then P( A - B> ■ 


4 If X is a discrete random variable, its expectation equals 5 , L x r 2 • ft x r ) = 34. then its standard 
deviation equals 

(£ If the regression line equation of y on x is y * 0.2 x - 3 and the value table of y when x ■ 5 
is 4.6 . than the error in the value of y = 

(b) A and B are two events where Pt A) ■ 0.6 .P( ATIB)» 0.2 . P( A IT B) ■ 0.3 calculate: 

(• P< Bl A) b P(A* IB) 


Question 2: 


(a) The following table shows the maxis of 6 students in a math exam (x) and statistics exam 
(y). calculate spearman's rani correlation coefficient between x and > and determine its type 


Excellent 

Pass 

Good 

Pass 

Very good 

| Very good 

Pass 

Pass 

Good 

Good 


Very gixxl 
Excellent 


(b) If X is a normal random variable whose mean fl = 10 and its standard deviation 

<7 = 2.5 

(l) Find PtX < 12.5) 

(l) If Pt X > K ) = 0.1056 . find the value of K. 

Question 1: 


(a) If x is a continuous random variable and : 

x -I 

f(x) = 8 


where 


I < x < 5 


zero 


otherw ise 
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General tests 


1 Prove that fix) the probability density function of the random variable X . 
2] Calculate P( 2 < X < 3) 


(b) If the monthly income of IOUO families in a city is a normal random variable whose mean is 
1700 LL and its standard dev iation is 200 LE and a tamily is randomly chosen from these 
families, find the number of families whose monthly income is greater than 1500 Lh. 
(Question 4 : 

(a) If X is a discrete random variable whose range is { -2. - I . 0.1.2} and P ( X * r) * 

for each r belongs to the range of x. find the value of a then find the standard dev iation ol the 
variable X. 

(b) If : Lx = 49 . Ly = 45 . Xx 2 = 359 . Zy* = 303. Lx y = 320, n = 7 

Calculate pearson's correlation coefficient between the values of x and y and determine 
its type. 

2 ' Estimate the value of y when x=9 using the regression line 

-- 1 ..■ —« Test 2 

You may use the calculator and the area table: 

Question 1 


(a) Choose the correct answer: 


CO A regular die is rolled once, the probability of appearing the number 3 known that the number 
appeared is odd equals: 


2 If A and B are two events. Pi A O B) « 0.2. P(B> = 0 4 then P< A I B 1 equals 




• i 


- i 


c i 


- * 


• 0.5 


b 0 06 


c 0.14 


J The value of K in the following probability distribution is: 


i 

4 


“ i 


c I 



5 

i 

4 


4 If the marks of students in a classroom in statistics exam follow a normal distribution w hose 
mean is 76. its standard deviation is 5 and Ahmed has got 66 marls in this exam, then his 
mark in the standard form is: 


1 

2 


« 3 


b -2 


I 


d 2 
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Test 2 


s] The coefficient representing the strongest relation between two variables is: 

• -0.58 b 0.48 c) 0.68 « -0.78 


<b> A box contains 9 balls identical in si/e and touch and they are numbered 0.1.2.8. 2 balls 

are randomly drawn one after another without replacing. Calculate the probability: 

yly The first ball carries an even number and the second carries an even number, too. (getting 
2 even numbers). 


(a' The first ball carries an odd number and the second carries an even number. 
Question 2: 

(a) From the data of the following table : 



180 

120 


150 

100 


120 

80 


120 

80 


Calculate spearman's rank correlation coefficient between x and y. 


100 

100 


(b> If x is a discrete random variable whose probability distribution is as follows: 


' 

1 

2 

4 

f(x r ) 

0.2 

a 

0.4 


Find the value of a. then calculate the moan and the standard deviation of the random variable x. 


Question 3: 

(a) If the salaries of a group of employees in a company follow a normal distribution whose 
mean is // and its standard deviation O = 250 Lt and the percentage of the employees 
whose salaries arc greater than 2150 LE is 97.72%, find the value of JJ . 

(b) If x is a continuous random variable, its probability density function is : 


f(x)» 


£<x*K) When 
Zero 


^ Find the value of K 


2<x<4 

otherwise 

(£ Find P(X < 3) 


Question 4 : 

(a) If Lx » 40 , Ly ■ 30, Lx 2 = 360 , Ly 2 = 200 , Lx y = 232 , n = S find : 
yt^ Pearson's linear correction coefficient between x and y. 

The regression line equation of y on x then estimate the value of y when x= 9 

(b) If / is a standard random variable, find the value of K if: P (z > K) = 0.1170 
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General tests 


1 Test 3 J 

Question 1: 


(a) Complete the following sentences: 

CO lfKB>=* , PtAUB)=J then P (A 1 IB) equals 

2 If X is a random variable whose range is (0. I. 2. 3. 4} and PtX = 0) = P(X = 4) = 
PtX- I) ■ P(X - 3) - j then PtX - 2) equals 

3 If X is a continuous random variable and the probability density function is : 


f(x) = 


a when 

Zero 


-3 < x < 3 
otherwise 


then a equals 


4 If A and B arc two independent events . Pt A)» 0.3. P(B) - 0.6 then P( A U B) » x then 
x *_ 


s' If the lengths of a 1000 - people group follow a normal distribution whose mean is 176^ and 
its standard deviation is 5 then the number of people whose lengths urc greater than 185cm 
equals_. 

(b) If A and B are two events of sample space for a random experiment S . prove that : 

P(B) ■ Pt A) x p< B I A) ♦ P< A ) x p( B I A ). then use this to calculate Pt B> 

If P(A) = 0.6.P( Bl A’) = 0.8 . Pt B I A) = 0.3 

Question 2: 


(a) If x is a continuous random variable and the probability density function is: 
2x ♦ I 

f(x> = 

otherwise 


24 
i Zero 

Calculate each of: 


. 2 < x < 5 


Cl) P(3<X<5) 


Ca) P(X<4) 


(b) Kind spearman’s rank correlation coefficient between the two variables x and y from the data 
of the following table 


10 

16 

15 

17 

5 

7 

8 

6 
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Test 4 


Question 3: 

(a) If x is a discrete random variable whose probability distribution is given by the function f 
where 

ftx) ■ . x € { 1.2,3, K) find : 

The value of K and write down the probability distribution of the random variable x 

The expectation and variance of the random variable x 

(b> If X x is a normal random variable whose mean // = 50 , and its standard deviation is O 
bind CJ If P (X < 37.25) = 0.044b 

Question 4: 

(a) To study the relation between the required amount (y) in kg and the price (x) in Lb of a 
certain product, we have the next data: 

E x = 25 . E y = 30 . E x y » 181 . 
r x 2 = 155. E y* = 249. n = 5 find: 

^0 Pearson’s correlation coefficient between x and y 

(i' The regression coefficient of the amount required by the price. 

(b) If P( B I A) ■ 4 .P(BIA')*J ,P(A)«4 find P( AUB) 

J n 4 


' Test 4 M 

Question 1: 


(a) Choose the correct answer: 

(t) A box contains 15 lamps out of them 5 lamps arc defective. If two lamps are draw n one after 
another without replacing, the probability the two lamps are defective is: 


1 

5 


1 

7 


d 2*1 


2 y If A and B are two events of sample space for a random experiment S and A C B then P( BA) 
equals 


|s Pi A) b PiBi e| pi a-Bi lb p<S) 

If all the points in a scatter diagram lie on a straight line, the correlation coefficient between 
the two variables equals: 

(•) ±1 bo c| A Id ‘ 
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General tests 


4 The value of K in the following probability distribution is : 




5 

7 



If the probability distribution function of the random variable x is K 
| , I <x <4 


f<x>- 

Zero 
then P(X < 2)i 

• i 


otherwise 


1 

3 


A 

4 


d I 


<b) A and B are two events of sample space S for a random experiment . P ( A’) 
P( B' I A) ■ 4 . calculate P| AOBl 

Question 2: 


1 

4 ’ 


(a) If x is a discrete random variable whose probability distribution is as follows: 


0 

1 

2 

3 

0.25 

0.2 

0.1 

0.3 


Kind the mean and the standard deviation of the random variable X. 

(b) In an experiment of rolling a regular die two consecutive times and observing the number 
appeared on the upper face in each lime. Calculate the probability of occurring the following 
events: 

CC The appearance of two numbers their sum is greater than 8 

2^ The appearance of two numbers the absolute difference betw een them is less than 2 in a 
condition their sum is greater than 8 

Question 3: 


(u> The next table shows the grades of six students in math and physics exams: 


Grades in physics 

Pass 

Good 

Excellent 

Weak 

Very 

good 

Good 

Grades in math 

Pass 

Very 

good 

Very 

good 

Pass 

Excellent 

Weak 


Calculate spearman's rank correlation coefficient and show its type. 
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Test 5 


(b) If x is .1 continuous random variable whose probability density function is: 

| (x*ai where 0<x<2 

Zero otherwise 

Hind the value of a. then calculate P (\ < x < ^ ) 


ffx) s 


Question 4: 

(a) If the mean of a random variable equals 150 and the coefficient of variation equals 25f. find 
the v ariance of this random variable. 

(b) In a study to find the relation between the weight x in kg and the length y in cm for six 
people, it is found that: 

Z x = 374 . Zy = 913 . Z x J =243*4. 

Z y 2 = 193624 , Z x y = 52260 find: 

Cl} Pearson's linear correlation coefficient between x and y 

'2^ The regression line equation of y on x. 


Test 5 a 

Question 1: 


(a) Choose the correct answer: 

(t) If P( A ) = 0.3 . Ptbi = 0.4 . P ( A ff B> = 0.2 then P ( A I B ) = 

c I 


• i 


• I 


o i 

4 


’ 2 ' The coefficient representing the strongest correlation between the two variables is: 
• -0.2 b 0.1 e 4)8 b 0.7 


3 It \ is .1 random variable whose range is { 1. 2. 3. 5} , and P(x ■ I) * 2 P(x = 2) 


P <x = 3) =y^ then P(x = 5) equals: 


'4 * 


b ^ 

" 16 


* i 


d n 

16 


4 ' The scatter diagram representing a direct correlation is figure 
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General tests 


5 If there is a relation between two variables x and y 2TX r » f|x r ) = 4 , £x r J • f(x r ) = 25 then 
the coefficient of variation equals: 

(•) 16/ b 75/ c 64/ d 15.6/ 

(b) If A and B are two independent events of sample space S for a random experiment . 
P(A) ■ 2P(B) ■ x . P( A U B| ■ ^ find the value of x. 

Question 2: 


(a) If x is a continuous random variable whose probability density function is: 

JL 


31 (x *4»where -K<x<K 
Zero otherwise 


f(x> ■ 

Kind: 

(l) The v alue of K (a) P ( x < 0) 


(») P(-2<x<2) 


(b) The following table shows the grades of eight university students in math and physics 
exams: 


tirades in 

mathix) 

lUcelkoi 

(««nI 

Very 

food 

Very 

pood 

Weak 

t-urlkrt 

Pm* 

( .rades in 
physicstyl 

Wry 

pood 

Very 

pood 

Good 

kuxtlenl 

Ptu 

t-juelkM 

PMt 


Vwy 

food 

kvcrllem 


Kind spearman's rank correlation coefficient among the marks of math and physics and 
determine its type. 


Question 1: 

4 If the weights of the students at a university follow a normal distribution whose mean is 
55kg. its standard deviation is O and the weights of 33 ** of the students are greater than 
66 kg, find: 

J The standard deviation 

^2/ If the number of the students is KXMK). calculate the number of the students whose 
weights are less than 60 kg. 

(b) If x is a discrete random variable whose mean // = 3 and its probability distribution is as follows: 


Kind: 



K 

1 

6 


3 4 

4m 5m 


1 The v alue for each of M and K 
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Test 6 


30 The standard deviation and the coefficient of variation of variable x. 

Question 4: 

(a) a box contains five identical cards numbered from I to 5. Two cards are drawn one alter 
another with replacing. Kind the probability: 

30 The sum of the two numbers on the two cards is a prime number. 

(l) ITte product of the two numbers is less than seven if their sum is a prime number. 

(b> In a study to show the relation between two variables x and y. we have got the following 
results: 

n = IO.Zx = 35.Zy = 60.Zxy = 187 
134 . Z y J = 406 find: 

(l) K 30 The regression line equation of y on x. 

30 Pearson’s linear correlation coefficient between x and y, then determine its type. 


' Tes “ > - 

Question I: 

(4) Choose the correct answer: 

3) The strongest correlation coefficient of the follow ing is: 

(• 0.7 b |.2 e) .0.9 d 4) 3 

2 If x is a random variable whose range is { 1.2.3} then the f unction representing the probability 
distribution function is: 

a hu = .lli b t,v,= lli c t,x,= * d nv, = iill 

8 3 6 6 

30 In an experiment of rolling a regular die once, the probability of appearing an odd number if 
a number less than 4 appeared is: 

(.i » § •» f '* i 

4^ If A and B arc two independent events . Pi A) = 0.5. Pi B > « 0.6 then P ( A U BI = . 

(a 0.3 b |.| e) 0.8 I d 0 .| 


5 If x is a normal variable whose mean fJ= 6 and its standard deviation O- 3 then the variable 
subjected to a standard normal distribution is: 

U 6-X h X 3 X 6 |d ill. 

3 6 3 6 
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General tests 


(b) If A ami B are two events of a sample space for a random experiment. P < A') =0.6, PtB) = 
0.3 . P< A U B) -0.9 calculate P< A I B ) 


Question 2: 


(a) The next table shows the grades of six students in math(x) and statistics (y) exams: 


Good 

Very good 

Weak 

Excellent 

Pass 

Weak 

Pass 

Weak 

Good 

Pass 

Very good 

Excellent 


Calculate spearman's rank correlation coefficient and show its type . 


(b) If x is a continuous random variable 

f(x> = 


^ (x * 2) where -2<x<4 


Zero 


otherwise 


First prove that f(x) is the probability density function of the random variable x: 
Second Find P(()< x < 2 ) 


Question i: 

(aI If x is a normal random variable whose mean is and its standard deviation is<7 
calculate: 

CO P<//<*<// * Cf) 

(0 ^O ) 

CO P(X - H < I.8C7 ) 

(b) If x is a discrete random variable whose probability distribution is as follows: 


-i 

0 

1 

2 

2P 

p 

3P 

2P 


Find the value of P. then calculate the mean and variance of the random v ariable x. 


Question 4: 

In a study to show the relation between two variables x and y. If know that: 

£ x = 540 . £>=460 , £x 2 = 37112 

£y 2 = 28252 . £x y = 30782 . n = 8 

First Calculate Pearson's linear correlation coefficient between x and y. 

Second : Estimate the value of y when x=30 using the regression line equation. 
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lest 7 


Test 7 

Question 1: 

(a) Complete the following: 

j' If the two points <6.5) and <3.8) lie on the regression line y on x, then the type of the 
correlation between x and y is 

2^ If x is a random variable whose range is { -1.0. K). and its probability distribution function 

is f(x) »- X —then K = 

4 

(») IfPtAD B)=jJ , P<A r )=J then P< B I A) = 

'♦) If A and B are two independent events. Pt A) = 0.4 . P( A U B) = 0.58 . then P (B) = 

$' If x is a normal variable whose mean //= 4 and its vanance - 25 . then Ptx > 14) = 

(b) If x is a random variable w hose mean H * 55 and its standard deviation is O find the variance 
satisfying: P(x < 45) = 0.228 . 

Question 2: 

(a) If x is a discrete random variable whose range is { -3. *2. 1,2} . P(x = -3) = P(x = -2) * £ , 
P(x ■ 2) ■ Calculate: 

First: Ptx ■ I) second the expectation, vanance of the random vanable x. 

(b) The following table shows the grades of six students in math and chemistry exams 


tirades in math 

Very good 

Weak 

Pass 

Good 

Excellent 

Pass 

grades in chemistry 

Pass 

Good 

Very good 

Pass 

Weak 

Excel lent 


Calculate spearman's rank correlation coefficient and determine its type. 
Question 3: 


(a) If x is a continuous random variable whose probability density function is: 

^7 x ♦ K w here I < x < 5 

fix) = 

. Zero otherwise 

Calculate the value of K. then find P< 2 < X < 4) 


(b) If it is known that the probability the weather is going to be rainy is 0.24. the probability it 
is stormy is 0.36 and the probability it is rainy and stormy is 0.14, calculate the prxtbability 
of the follow ing events: 

First the weather is either rainy or stormy. 

Second the weather is rainy w here it is not stormy. 
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General tests 


Question 4: 

(at In a study to show the relation between two variables x and y, it known that: 

Ii = 477, Ey = 222, Ex y = 15184. E\i = 32593. n = 7 

find the regression line equation y on x then estimate the value of y when x = 100. 

<b) If x is a normal random variable whose mean is fJ, its standard deviation <7 = 8 , 
P (x > M) = 0.0668 calculate the mean fJ. 


Question t: 

(aI Choose the correct answer 


— Testa 


v 1, If the regression line equation y on x is y* 0.2x+3. then the expected value of y when x ■ 5 

is: 


■ 0.2 


b 3.2 


c 3 


d 4 


2 If x is a random variable and the expectation equals 3 . I x, J • f(x r ) = 14.5 then standard 
dev iation equals: 

<•11.5 b 5.5 (c 4.8 • 2.35 

(l) If PlA)«4 .P(A B)«J then P( BIA>»: 


8 

b 1 


• h 


4 '32 ' 16 

4 y If A . B two independent events . P< A| ■ 0.6. Pi B) ■ 0.3 then P( B - A) equals 
I • 0.9 b| 0.3 C 0.18 d 0.12 

^5, If Z is a standard normal variable. Then : P ( Z > 1.5) equals to the nearest two decimals : 

I • 2.23 b| |.5I |c 0.07 d 1.21 

(b) In an experiment to roll two different dices once, calculate the probability the sum of the two 
numbers appeared on the two upper faces is an odd number known that the number appeared 
on the first upper face is 4 

Question 2: 

(at If X is a continuous random variable whose probability density function is : 

.><2x*l) where 0<x<3 
f(x> 


Zero otherwise 

Calculate: First: Plx < 2) 


Second P(l < x < 2). 
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Test 9 


(b) The following table shows (he marks of six students in math and statistics exams 


Mark* in itatiitio 

22 

25 

19 

24 

25 

13 

Marks in math 

45 

35 

40 

28 

40 

25 


Calculate spearman's correlation coefficient between the murks of math and statistics then 
show its type. 

Question J : 

(a) In a math exam, the murks of the students base been followed a normal distribution whose 
mean is 70 and its standard deviation is 5. Calculate the number of students whose marks 
are probably greater than 78 if it is known that the number of students applied to this exam 
is 10000. 

(b> If x is a random vunable whose probability distributions is as follows: 



Find the value of a. then find the mean and variance of the variable x. 

Question 4: 

(a) In a study to show the relation between two variables x and y. we have got the following 
results: 

n = 7 . Z x = 147. Zy = 99. Zx y = 2 1 23. Lx 2 = 3430 

Cl> Find the regression line equation y on x C*. Estimate the value of y w hen x= 20 
(b> If A and B are two independent events P(A) = 0.6 , Pt A ■ B) =0.36 calculate PlAUBl 

-. - ..‘ Te ®‘» = - - 1 

Question I: 

(a) Complete the following: 

CO lfP(A') = * and P(BI A>= \ then P < A n B) = 

CO I* the probability distribution of the random variable x is: 



Then the expectation equals 
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General tests 


I If A and B arc two independent events of S , P (B') = 0.4 and P(A U B) = 0.8 then 

P(A)- 


4 In the regression line equation y on x: y = bx + a. If the coefficient of x is less than zero, then 
the correlation between the two variables x and y is 


S If x is a normal random variable whose mean is 75 and its standard deviation is 4. then 
PtX 95) m 


(b) A 42 -student classroom: 28 study English. 21 study Italian and 7 study both languages. A 
student is randomly chosen. Calculate the probability the student chosen studies: 

First: Both languages Second: English if he (she) is already studying Italian 

Question 2: 


(a) From the data of the following table 



12 

18 


First: Calculate s pea rman's correlation coefficient and show its type. 


Second Use the regression line to estimate the value of y and calculate the error when x = 11 


(b) If A and B are two events of a sample space of a random experiment PlB'IA) = 0.4 . 


P(A IB) = 0.5 .rod Pt A) ■ P(B> = 0.36 find P| A) and P(A U B) 


Question .1: 

(a) If x is a continuous random variable 

w here 3 < x < 5 


f(x) = 


8 * 


1 Zero otherwise 

First: Prove that f(x) is a density function of the random variable x 
Second find P(x > 4) 


(b) If x is a normal random variable whose mean // =15 and its standard deviation <7 = 5. find: 
CO P < 12 < x < 17) 

'2 The value of K where Pt X < k) » 0.3446 
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Test 10 


Question 4: 

(a) If x is a discrete random variable whose range b { 0, I, 3. 5}, PfX = 0) = \ , P (x = I) = ^ 
and P(x ■ 3) ■ 4 find: 

First The probability distribution of the variable x 

Second The mean and the coefficient of variation of the variable x 

(b) A box contains 7 white balls. 8 red balls and 5 black balls. Two balls are drawn respectively 
without replacing, calculate the probability: 

First The second ball is white if the first is w hite. 

Second ITie first ball is red if the second is ted. 

_ _ H Test 10 

Question 1: 

(a) C boose the correct answer: 

^ If x is a random variable whose range is (0.1.2.3}. Pi x«0)» ^ Ptx ■ 2 )»y and Ptx »3)»j 
then Ptx ■ I) equals 

.1 b 1 1 Id I 

(a) If P(A-B) = 0.04 . P < A n B ) = 0. 1 then P(B'I A > equals: 

(■ 0.3 b 0.5 c 0.04 d 0.8 

(l) If A and B are two mutually exclusive events . Pi A) = 0.3 and P(B') = 0.4 then PlAUB) 
equals 

(• 0.3 b 0.7 «| 0.9 I d 0.6 

4 I, x is a random variable whose mean fi = 45 and its standard deviation O = 5, then 
Ptx > 55) equals 

■ 0.4772 b 0.9772 e 0.0228 d 0.2386 

%'y If the regression line equation y on x is : y = 3-x. then the correlation between the values of 
x and the values of y is: 

• nihilistic b direct c inverse d perfect 

(b) If the marks of students at a school follow a normal distribution whose mean = 42 and its 
standard deviation is <7 where 26.11% of students got more than 50 marks, find O. 
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General tests 


Question 2: 


(a) Find spearman's correlation coefficient from the data of the following table and show 


its type: 


1 

2 

3 

4 

5 

35 

12 

17 

25 

12 


(b) If A and B arc two events of a sample space of a random experiment P (A U B> = 0.8 , 
P(B) = 0.4 and P(A)« 0.3 calculate P(B' I A) 

Question | : 

<a> x is a continuous random variable whose probability density function is 


fix) 


! x * K where 0 < x < 3 

O 


Zero otherwise 

Kind the value of K. then find P < 1.5 < X < 2.5) 


(b) If A and U are two independent events of a sample space of a random expenment where A 
and B are two independent events, then PfBi = 0.4 and Pt A H B> = 0.24 calculate P(AUB'| 
and P(AUB) 


Question 4: 

(a) Two regular dices; a number of 1.3 and 5 is w nlten on each two opposite faces on the first 
die and a number of 2.4 and 6 is written on each two opposite faces on the second die. If 
the two dices are rolled and the random variable x expresses the sum of the two numbers 
appeared, find the probability distribution of the variable x and calculate the expectation and 
the coefficient of variation. 

(b) The following data represent the expenditure y and the income x in LE per day of a 
sample.: 


50 

60 

45 

70 

65 

45 

35 

35 

50 

55 


First: bstimate the expenditure if the income is 63 


Second Calculate the error when x = 45 
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imcpractkalapplicationsofthcnormaldistribution 4-2 


Table of areas under the standard normal distribution curve 


z 

0.00 

0.01 

0.02 

0.03 

0.04 

0.05 

0.06 

0.07 0.08 

0.09 

0.0 

0.0000 

0.0040 

0.0000 

0.0120 

0.0140 

0.0109 

0.0230 

0.0279 

0.0119 

0.0310 

0.1 

o.om 

0.0430 

- 

0.0474 

0.0117 

0.0SS7 

0.0104 

0 04)4 0.0471 

0.0714 

0.0711 

0.2 

o.om 

O.OOJ2 

0.0071 

0.0010 

0.0944 

0.0007 

0.102* 

0.10*4 

0.1101 

0.1141 










0.3 

0.117* 

0.1217 

O.I21S 

*1291 

0.1JJI 

0.1)40 

0.1404 

0.1441 

0.1400 

0.1117 

0.4 

0.1414 

01191 

0.1*20 

0.1444 

0.1700 

0.1714 

*1772 

0.1400 

0.1*44 

0.1070 

O.S 

0.1911 

0 1910 

0. 1901 

02019 

0.2014 

0.2004 

*2122 0.2117 

0.21*0 

0.2224 

0.6 

0.2219 

0.2291 

0.2124 

O 2117 

0.2)49 

0.2422 

0.2414 

0.24*4 

*2117 

0.2140 








0.7 

o.i loo 

0.2*11 

0.2442 

0-2*71 

0.2704 

0.2724 

*27*4 

0.2794 

*2022 

0.2*12 

0.8 

2U1 

0.2910 

0.2030 

0.2*47 

0.2901 

0.1021 

0.MS1 

0.3070 

0.3104 

0.1111 

0.9 

0.1119 

•JIM 

0.2212 

o 1214 

0.1244 

0.1200 

UI1S 

0.JJ40 

0 IMS 

OHM 

1.0 

0.1411 

0.1420 

0.14*1 

O 14*5 

• 110* 

0.1111 

0 1114 

0.1S77 

*1199 

0,1621 










1.1 

OJ44J 

0.1441 

0.J404 

0.1704 

0.1729 

0.1700 

0.1770 

0.J74O 

0.1011 

O.JN.IO 

1.2 

0.1049 

0.19*9 

0.3400 

0.1907 

0.1921 

0.1944 

0.19*2 

0.3000 

0.1997 

0.4011 

1.3 

0.4011 

0 4040 

0.4044 

0 4042 

0.4099 

0.4111 

0.4121 

0.4147 

041*2 

0.4177 

1.4 

0.4192 

0 4207 

0.4222 

O 4214 

0.4211 

0.4241 

0.4270 

0.4292 

0.4)04 

0.4110 

l.S 

0.4112 

0.4145 

0.4117 

0.4170 

0.4J42 

0.41*4 

0.4404 

0.441* 

0.4429 

0.4441 

1.6 

0.4412 

O 4463 

0.4474 

0.4444 

0.4491 

0.4101 

*4111 

0.4121 

0.4111 

0.4141 

1.7 

0.4114 

0 4144 

0.4S71 

O 4142 

0.4S9I 

0.41*0 

0 4*0* 

0.4414 

0.4421 

0 4433 

1.8 

0.4441 

0.4440 

0.4414 

04444 

0.4471 

0.4470 

0.44N4 

0.4401 

0.4400 

0.4704 

1.9 

0.4711 

0.4719 

0.472* 

0.4712 

0.4710 

0.4744 

0.4710 0.4714 

*47*1 

0.47*7 

2.0 

0.4772 

0.4774 

0.47*3 

0l4744 

0.4703 

0.4790 

0.4N0J 

0.4*00 

0.4012 

0.4017 

2.1 

0.4021 

0 4424 

0.44)0 

0 44)4 

0.44J4 

0.4*42 

0 44144 0.4*10 

0 4414 

0.4017 

2.2 

0.4911 

0.4444 

0.4440 

04471 

0.4471 

0.4070 

0.4*111 

0.4*04 

0.4007 

0.4000 

2.3 

0.4*41 

0.4404 

0.4400 

04*01 

0.4004 

0.4004 

0.4009 

0.4011 

*4911 

0.4016 

2.4 

0.4910 

0.4920 

0.4922 

*4921 

0.4927 

0.4929 

0.4911 

0.4912 

0.4914 

0.491* 

2 .S 

0.4910 

0 4040 

0.4941 

04941 

0.4941 

0.494* 

0 4044 

0.4949 

*4911 

0,4912 

2.6 

0.4*11 

0.40 IS 

0.4*14 

0.4*17 

0.4910 

0.49*0 

0.4041 

0.4042 

0.4041 

0.4064 

2.7 

0.4*01 

0.4*44 

0.4047 

04*44 

0.4949 

0.4*70 

*4971 0.4972 

0.407J 

0.4074 

2.8 

0.4974 

0.4971 

0.497* 

*4977 

0.4977 

0.4970 

0.4979 

0.4979 

0 4900 

0.4001 

2.9 

0.4*01 

0.4042 

0.49*2 

04*4J 

0.4944 

0.4*04 

0.4041 

0.4001 

0.4004 

0.4004 

3.0 

0.4*07 

0 4047 

0.49*7 

*4999 

0.4944 

0.4000 

0 4049 

0.400* 

0 4000 

0 4900 

3.1 

0.4**0 

0.4901 

0.4901 

04*91 

0.4992 

0.4*02 

0.4992 0.4992 

0.4*03 

0.4903 

3.2 

0.4991 

0.4093 

0.4004 

0.4*94 

0.4994 

0.4994 

0 4994 

0.4991 

0.4991 

0.4991 

3.3 

0.4991 

0 4091 

0.4991 

04094 

0.4994 

0.499* 

0 4904 

0.499* 

0 4*94 

0.4997 

3.4 

0.4*07 

0.4007 

0.4*07 

04997 

0.4997 

0.4*07 

0.4947 

0.40*7 

0.4997 

0.400* 

3.5 

0.4*00 

0 4004 

0.49*0 

0 4904 

0.4994 

0.4*00 

0 4994 

0.4000 

0 4000 

0 4000 
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Answer of the Exercises 


m 


Unit 1: Correlation and regression 
Answers of exercises (1-1) 

COd COo C>)b (4)c 

’ f' d 6 0.9 r 2 : 0.947 direct 
(7) 0.8857 ® - 0.985 invent 

*' 0.3375 direct ’10 -0.41 inverse 
11 -0.74 inverse J4 2 :-0.91 inverse 
Cl? 0.7285714 0.166 direct 

i 0.8545 direct (l* 0 8661 direct 

Answers of exercises (1-2) 

CO b CO b COc CO a 

CO d CO d 

CO y = 0.7 + 0.723 x , 

2 = 9.376 

»' a ~ 8.8592 b =1.2868 

CO • — 0.69999 b y ■ 2.8x - 12.4 

10 a y = 36.85 - 0.6333x 
b - 0.9237 inverse 
It a - 0.915227 inverse 
b y = 94.493 - 9.5628 x 
14 a 0.76856 direct. 

b y = 8.4825 + 0.4038! x 
e y~ 28.67 L.E 
d 28 error = 3.37 
Cl? • y-1.35 x- 0.375 
b ~ 944.63. 

Answers of general exercises 


, . 


/A . 

v*v c \*v d 


4 d 


CO b CO • 

0 r 2 : 0.47 direct 
0 r 2 0.931 direct 
0 r 2 : 0.81 direct. 


10 r ~ -0.41 reverse 
If rs 0.89337 
U a r 2 : 0.552% 

by- 2.8223 ♦ 0.3249 x y 2 : 5.096 
$$ r 2 :0.93 . >* 2 : II 
14 a y = 11.5483 - .2053 x 
b y 2 :3.334858 
c error = 13.334 • 4.77 I 2 : 1.439 
Answer of the accumulative test 


CO 

* 

7 


CO c CO c 


s4y * 


a 

c CO b 

If the sign is positive, the correlation is 
direct and if it is negative, the correlation 
is inverse, 
a r2r-0.52ll 
b y*= 135.17-x.y* 2 : 73.17 
c error = I 72 • 69.171 = 2.83 
9 a r 2 =-0.9426 

b y K = 10.38 - 0.154 x 
c 4.22 

d error 2 : 1.528 

Unit 2: Conditional probability 
Answers of exercises (2-1) 

CO a 






CCb 

5 a 


1 * 1 

3/ 3 4 2 


C^ Find; 0.21 Seroed; 0.89 

TlkM: 0.525 Fmirth: 

7 ^ | Srr»»d: 22 

9 t ^ FlrM: i, j 

H 0.42 
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Answer of the Kxerciscs 


ii 

15 

x 

II 


1 

1 

2 

4 


i 

4 


Third: 

Third: 




rir»l: 


10 


CO ***■• 

0 r*"« : 

CO 

CO *** 

0 KiTM 

• TItm. 

* dm: 

Third: 

.*» Vfth i«y: 

Answers of exercises (2-2) 

ly a . g . i are independent events, 
b. d. h. o are dependent events 


± 

II 

21 

35 

A. 

7 

2 

4 

J_ 

16 


Srrmd 

Sttmd 


Third 


Third: 


10 


6 5. 

6 33 
55 
113 

1 
*> 
m 

i 

J 

m 

Fourth: 77 

14 


Fir»t; — SkmhI ~ 

o 


3 

4 
9 

a 

16 


AL 

132 


H 

30 


2 


c C>> 

(«)d 

& ®- 

b arc two dep 

tint; 0.2 Second: Z 

1 J_ 

4 15 


, J. 

K _9_ 

95 

b 190 

c -15- 

d 

190 

95 

FirM: a 0.28 

b 0.82 

c 0.54 

d 0.72 


5 12 


Answ ers of general exercises 


CO 

C 

®b 

CO d 

C0c 

* 

a 

®4 

V i 

V/ 5 


CO 

PlAfl B)* Pi A ) 

>* P(B> * 

2 

8 

* 

a 

i b 12 

96 96 

e 16 

d 

° 16 

;io; 

1 

*» 

1 

8 

1 


" 

• 

1 b 2 

6 D 9 

c . J . 


u 

a 

0.48 

b 0.92 

C 0.8 

13 

a 

I h 24 

65 ° 65 

c 65 

- g 


14 • 

15 a 


_L h _L 
5 b 4 
16 h 3 
25 b { 

■ 4 b 9 

Answer of the accumulative test 

(l, Zero 

C*)b 
©<■ 


j 1 

'A' 6 

6 b 


* 5 


3 2 

3 5 

COc 


4 I 

v 


45 

56 


ii b 1 
15 3 

$$ .) 32 b 21 

95 95 


6 5 

c H 

95 


Unit 3: Random variables and 
probability distribution 

Answers of exercises (3 - 1) 

(0 c 

®d 


X a 

« d 


X b 


v«y « 




• 8 13 

X 

10 

m = 1 


' 

-2 

ftx,) 

1 

5 

a = 3 


*r 

i <v 

1 

9. 

54 


1 

5 


0.1 


Ciik = 5 



0 

1 

5 

2 

J2 

54 


1L 

50 


2 

1 

3 

3 

11 

54 


14 

50 


4 

1 

5 

4 

15 

54 


11 

50 


2 

9 


1 

8 


7 

2 

9 

3 

7 


1 

2 

8 

8 

2 

9 


3 

1 


9 

2 

9 


10 

1 


4 

5 


36 36 36 36 


5 6 

_3_ J_ 
36 36 
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v 

v> 


Jt] Range of x = { 0, 1,2. 3} 


1.5 

2 

2.5 

3 

3.5 

4 

2 

3 

4 

3 

2 

1 

16 

16 

16 

16 

16 

16 



0 

i 


i] Activity : 


1 

2 

8 


2 3 

2 i 

8 8 




2 3 4 5 6 7 8 9 10 II 12 


1 

2 


* i 


Finn: • 

e 5 d 15 

c 6 d 36 

Second: I he expected value is 7 

Answers of exercises (3 - 2) 

(»)c 

0-/7 

o ~ 2.51 
os 1.55 


/V s K 

1 h 


* 


v ii - 23 

v?/ " ~ ' 24 

-V » _ JL 

,2 

7 Ik—: a-0.4 


sn iMid /y = 3 


/y = 2.6 

9 Pint] 21 
16 


os 1.55 
2 o = 0.96 

Sfornd: n = 2 . O- = | 


10 Fir—: r = 



second: Probability distribution: 

- 3 Zero 3 6 

2 12 2 

9 9 9 9 

/y = -5- O 2 s 14.2 

3i a - 6 . o 2 = 1.55 
(l* nr- c-^ 


Second: // a j O' 

3$ Fk-:C = 18 

second: Coefficient of v ariation = 37.7 


5 

9 


14 Ik-: Id = - I 
Second: /y =-L . O 2 » 

15 Fir-: C = 2® 

19 

Second: [1 — |A , O 2 = 1.2 

Fk-: L(X =0) = g L(X = 2) = ^ 

Second: Coefficient of variation = 132.3/ 


12 


Ik-: 

a s — % 

12 

k = 3 Second; 

o-l. 

1 

Answers of exercises 

(3-3) 

36 


b 

(a) a 

®« 




( 4 ) 

Ik-: 

1 

4 

Second: 

JL 

2 



5 

Ik—: 

2 

4 

Second: 

i 

12 



• 

Ik-: 

d (x) Density function 

Second: 

II 

3 


Fk— : 

4 

9 

Second: 

2 

9 


* 

’ ■- 

Ik-: 

a s 1 

8 

Second: 

1 

2 




Fk-; 

a = 0 

Second: 

1 

2 



10 

Fk-: 

•*4 

Second: 

i 

*> 




Fk-: 

k = 8 

Second: 

16 



' 2 

Fk-: 

1 

4 

Second: 

2 

2 



n 

Fk-: 

a = 1 

Second: 

b- 

2 


2D 


Answers of the general exercises 
of unit 3 

<»)a 



_2_ _3_ _5_ _6_ 
16 16 16 16 
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Answer of the Exercises 


4-2 



36 


0 

_3_ 

9 


_3_ 

36 


_5_ 

36 


_7_ 

36 


9_ 

36 


36 


4 

9 


_ 2 _ 

9 


9 


2 

9 


9 


2 

9 


II 

X 

9 


n »7.o = 2.3094 


B 


\_ 

16 


_ 2 _ 

16 


_3_ 

16 


_4_ 

16 


_3_ 

16 


_ 2 _ 

16 


16 


// =5.0- 1.581 

(0 b = -J- . a = 3 o - 1.08 

3 22 

A •-' 32 


tinl: 


® -- * 

7 I ir.< a i 


S««itd 


16 


Answers of (he ueeurnulative 
test of unit 3 


(On (a) 2.16 

CO rmti -J- 


CO 0.38 


v 4; 0.38 


2. 
3 


iHit 4: Normal distribution 
Answers of exercises (4 - I) 

(l) la 0.3749 , 0.4922 b 0.0160 , 0.4484 
C 0.516 .0.901 d 0.9447. 

0.6971 

• 0.0757 . 0.0669 I 0.1609 . 0.1337 
g 0.0749.0.0202 h 0.8729 . 0.9898 


I 0.7422 . 0.9222 | 0.3264.0.0548 

2 a 1.06 b -1.35 c 0.28 d 1.97 

• -0.85 f 1.32 g -2.61 

h -0.84 I 0.65 | -0.33 

(j) a -0.94,0.7818 b 2.04.0.2670 

c 1.25,0.6524 d 1.83.0.9664 

• 2.67.0.9154 f -1.3.0.6766 

^0 a 0 = 8 b o = 7.5 c = 40 

d H = 60 e /J* 50 » 0.58 

g k = 38 h It = 80 I k = 52 

(*)• k= 137.5 b fl = 45 
C k = 10.5 Second: 0.8413 

d 0.2902 

• nm: 1.91 Second, k = 1.65 
I lint! 0.1 IS I Send 0.5403 
g imu 0.0446 second 0.8185 
h t«%i: 0.8274 second, 52.5 

I nm: 0.6247 second, 0.8413 
i nm; 0.0401 Second 0.6147 
k l»S: 0.1056 Second, 10.5 

Answers of exercises (4-2) 

(0 0.6247 . 841 families 
yl) 49A7%, 159 students 
62 students. 

^0 1547 students 
CO a 20 families b 465 L.E 

CO a 0.1056 b 179 families 

30 0.9525 • 442 employees 

30 • 0.8413 b 0.0928 

(19 • 0.6431 b 0.2119 

c 0.2382 

37 a 977 young people 

b 67 young people 

16 
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1 

• 

o=ll .36 

b 

587 students 

7 

a 

49.67 * 

b 

159 students 

3 

s */ 

0 1 

- 12.5 

4 

5 students 

v 

v»y 

971 cylinders 

A 

0.8417 

7 

V 

= 170 



V s 

• 

a 

0.8413 

b 

0.9544 

• 


= 50 



ClOi 

a 

0.5328 

b 

0.5987 

« 

a 

0.9835 

b 

0.1949 

Answers of the 

general exercises 

of 

unit 4 



1 

0.0228 

sv 

n= 77.6 

SO 

01 

= 7.5 



s4y 

a 

0.7734 

b 

0 8012 c 0.9332 


V 

= 16. o = 4 




a 

0.9544 

b 

0.1535 

7 

a 

n =25 

b 

tl =20 


c 

0 = 10 



• 

a 

0.0228 

b 

K =40 

CO 

a 

a = 99.36 

b 

0.0062 


c 

0.0228 

d 

0.7888 

10 

a 

/I =48 

b 

0.4013 

H 

a 

1.25 

b 

1.22 

Cu 

a 

0.5 

b 

0.5 


e 

0.6826 

d 

0.0228 


a 

0.8185 

I 

0.3830 

U 

a 

a = 0.93 

b 

a = 1.48 

CH 

K 

= 90.6 




a 

fl = 55 

b 

11 =37.5 

16 

0 .: 

3153 



37 

a 

0.0228 

b 

89.44 % 


c 187 employees 


ia a I 54 employees 
b 20 employees 

Cn a 0.8413 bl 95.44 % 


Answer of the accumulative test 


V 

1 


KlrU: ■ 


* 

3 


b 


1 

3 


second: Yes because their intersection is <p 


2 

s*/ 

s»y 


1 

6 

0.8 


b 


1 

2 


b y ■ 0.0428571 x ♦ 8.571435 
c y = 94 .29 

(4)fc k.i b £2 

• t 

£ b 

S*coeil: 

'•) 170 cm 
7^ 0.52857 direct 
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. oU^UJI ~\ 

. i jj *■■ ■ 11 j ^£. j i :11 S ;L»JJI ij\j+A ~V 

)•••••. j — ■* * p_* .t 

.j oVLiiji j^_a f»-» 1 «j.*»l^i wijl«‘r...Vt •' 

• jJ' .T 

. I^ajI jj taiillk' X 

* y—Li ^JliJl t <*_**Lili j4 'I^~«VI JL>V* jL JLaJ 

«liO —uitjk US < ^ILall gQiYl JSluA iL Zj'j-JlLa Sjlc f^ili <JLA j^la u*L« JL4 j . 

.JLiLJl a •— JjjJt L$J n~i^1 ji y « -' »uLilalt jl uUt»T» -"‘‘j j*~ Tl 

: iJtJi o*jL*J' ■ iiuLJl i^Lkll (> «4. 

. U^*II A j 1 * I . " l l j -rn.~*M i LjljL^. "1 

. ij£lji y»iij i~il .Lla~i» Jl*j o'jLc. -vpt 

> 4jCH j (%SJ' 4 ja J jl yj»«ij [» jIa ' . J 1 yi^laj ' 

•^IwJI ^ jj'- -i i ^ >1^. tjLjL«jii J«Ua)l j;—' jj juV' r 

. jlljVl JSL^ ^yij-« jujlaJI i S.ii i jj] *T 
■ < A!'• ■» 1 1 J'j—VI jjA J«jjj «5 y» klAjlj oJJ 1 

. J J jy - -t I ^lijl j-* « kj >.«|l 4.Jit ill ^1| I iI^a 4 »~a it I ^lijl ^jlm yiu 0 

. jLJV'j JaaJ 1 j ^4j1«~.|I JLj«-» yl .*>'««*.■■ 11 j jl y»V' jj'-* i _ y k. » u >«« 4.«il i« itU <A~V 











. </* ^jlut J—aJk 1 j*ij 


a_> J^laill »J&y> J^--j ^j«iTlj a J i!. ^'Al ijyjJm ii j<la]I jL^bj&I — -- —' Jftl 

«ikjA •*■/■«■ . ^aJUJI ^jjaaall jL^fiVI jjjJI ' j -*- - l*V y .A^aJuJI sijl}\.*k£y\ 

jL^yiVi 4>* oJ4 »^1UH J>> vsij ^ ^j*-*!* jjpy J*» »j*4 

,y»0** v<>** lJ“ J4-J* ^ ^ «*jfc vliik • ->>!«-• sr -A»J 

• Vlji-Jtj Jw-J 

{-•j ^Je. JjJ «j'>i>*i' jSJj V*kJlj A^jljjijJ (A*-» ^ Jy*i 

• JM» u 

ji* „i ^ 

*»a^ «~ A >*114 l+*L yLu sZji\+*uJ\ »~A*>j> jjl ^allajl alfJVI 

aJ^j - 1 ■*■'■ -’ - j .«i»L»jU i-liV\■ —7VI f Wl..« j2&i ^Ujl £lLa)t JAay */ii]l Jjj - -- - 

-OVU^TVI ’jrj ')'*■'•■ ,j^J|1 m ^JlJI £>UU])j ‘ ■- —!* *• ILS j^4 

.^i^V 1 **jU® Cj Vi—^V 1 ’>#»>3>iSj] jj— <r | >**' J*j 

^ifr «■ ib ' J* •>ftl—i jJ jS-V J-«j «)« l ^J V^V' Jtljj) J«V' JraSrf 

. ^ aK« ^ ,^4/uJI V 1 .. -»■**■ 1 f JL-^jV 1 «J>j 
jjyii'i) >alaLa^U>11 'jt*.“ ~$ i*il.«ljiJ <c'_»--~. '^ILk • utc. Aj«j^i f> ^Li 

• i;Ul' Aj.<)jll oLlpj a^jL-ajftfl ^ LlaU ^A *»l >iUjj JAf**Syi 

^pa liJC k^ljk jl LaS ■ ^ -'* - 'I alaJV' JL^JI *~J Jij i ^aajA]l ja ijjb viTLaft 

.ijUlt <k'ji ^j]1 jj -* 11 A^ jij -'■'■/ 

j^aSfl ,j<a jIUa jjly jl/lll ^a il. ^ J<f».a< ^]) '^1 Uilj jiL> c&<ay J*j 









: lyJU. ^ J U -*'*Y' Jjj 

ajk ikL. Ciitt ^ u)ljiV -VN U» a*4*>j>kJ '«*»> » ■» M#*jS *JW a*k 

it»i t*jiS l+k /-m a_*k *S^ ‘NH^* — V » »l * «l 4 iXJI l+ i a n a aa ' ^A UH j Ijl. *i li j» n »-< 

•W* *W! Jkai* 

Jkiy ij^yl y j.*«' < »jiaiJ 'yi jUaSaj 

v^t/K' J.M*> >— jtf JjU 2 * 1 •->**) ~l 

Vi>^ I/* <y^J «l^« i* .1|l ijl^) “v* 

iJXk ^jm Uiy^l Ujjj i i UfcJ ^ j-n > »i|T :^JC# j»j> WWI 1 «*W» iA*t) 

V- i-U) Ji Ui-I Vh>I y v»—> OtjL£-yi ^ iJw i+uti* £. JJ UJI JJUJ u^> 

btj J>l£t J^il 1 ■ji -'■ Kjfajiy ' *j m -—>' i*AlCill £* ijftH ijlfjll a«Li» >LU (j* v^/ll J^tl £<• 

V^j(l lyi^ '*jji»u..'j I jfiJ&y Jjdl 4>« JS ky a # —J •>*)> ^ «ai T I 

, ^.J ouukji V+4SJ <*»Ukl ^LLa, Jam) ^'Jai } A)A'J A/iJI uiV\.otVI ^LLi aXm**U) 

: JjIh** W*i> ^ I/A* 

J>J >4^1 ^Lki ^iH kU l; V a« I4U94 U«aa « y^ U H Jjlj*® ^1UJI Oljli ,>• JM* 1 

L Jj ■■ W jiij ^ilj ^»ia m) a ' A jU yJ ypUl ^U) jipJI jt »4'■ -V 1 i^a) ja '41&.. tlAfljakl yyii 
jki f ^ t alayia S«*k '-^y> > *z*aj U »k.. jy J«*i Wjy <** vy/l 1 SjU> Jl . <y-J«a* 

J* fi.j » J*., a<JUal» J J. %*r J .omjjl UV— J. %1 A a^UM ^ ^JU-J ^>1 *>- %V« 

VA ljUl J Ui . ^JUII rU.71 J, %».t tM* V ^IjjJ* WU ju aUUV v iym *k 

oXa> y>» A^.Ctil >aj£^l <^tiji V*^ ^JU> gliJ ■ *.»» j 3 il pi* ^ 

aj* ^jUi I4J ^|). </ -JUl' c lii>' <1£ Jfcj 4 >- Ai« l*!^ 1 cT* (>• 

fMA # J* •y^yl ^jaij . ,*1 '>aJ* . ' » V« J ,J» %TTa ' jj£t ijjU j* iaa.a al^MLal <lH> ^jay 

«J*-# a^Juu j» %»• ^»4>u> jm js-^j a^iui jU ,> % r v>>* v* 

• ^-**1* a>» %' * Jjji^ a> .^W^VI 

: IA> J5^ <> yT Jt- 4^1 Jyil— 

ljuil Ai LaS aV^aa^^BlIj v< i» J j <^lj«»|l JJ/J l^a ajya& J»*jiaj j --‘ J W ^yfHI aJUII ^aj 

* (* ay^aall 4 ■ all 1 a| a Ijiaa jyiaj * ■ ■■ jiyU ^»T J AylW - OoS Ij lakMB U^a 

V'ty'y' JyV J)*H*IJ J^ail Ujij US aL> — ^ J4»■ aijl wiKJIU a»Laa vttal *)' -*lyi J&y 

Va*tlJ A » .iJ .^aXaaJI V »«^ #"•* V ' a i Kf iyljJI JkU-aJ) Q Ij > ■ ^a ^ 1 * JS / aa 

wu*ijY v* 1 w>>-y' uu aV t>j» j y; mu jb »juu Wi^-y 1 

■ S ^ t aH l|'iS»^aal ^a %^A j(jt j. «■ 4 yk iaU JL J^all j^y 

^k* .^a^UVI ^ ^jLuJl j /i . J l ^k. J> a ^ u. .VI j ajL»Jj jy—yil alaUUT)/l Jt a* ja» ay V^/^l J>»# ^-a jaaa kwjy 

j j -a / J alAjfiUil :a*it«.a a/^y7' J>iU -V^* £• A^ylult oiiUTVI at ja> a j»m > j aij ^VDI j/a a J 

^a^BVt -« U ^kj .^yja^JI ^kl alA^Uii ^jjUill alil^tUS a ja ii . V I a/ak^ ^y».Sl taya^ll 

•jM* AySAil ^yijaa /^a > 'i a W US .jlypJI laljkaJlj Jfcl.J ^af’l a jyjU.1 ^Ual aL^aj&]l ^a»> JjL2 ^ka ,jb 

• afR/yt lU^ajSI MfU.a> >*|VJ ■' »a a 4 'll £* (jtJ 






• >i»Vi JjjJ' .L.. y .« Jtv ji^. ( _ r iiV'i 


4-c.^ 4>«4 «i> jL mIS SLJjjJt 3jL>wJt j J»j)l j jtLJl .»_lc. i ( \ ) Jjj> 


( T • »T fk Lc) 
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- : L. ( ' ) J>**- Ja j 

<%* j ,JUi j:y— oi i j>jJ| .t 

.Ijl2 . UU*j' . L-i>. l*iUI. jL^Jl. ^SL^VI iu»UI ol,V>Jl 

^Jl ^Su^.V1 J jl»U< ciLVyi 4 Ji.j ^Ltls jVjj rv*u * jjj Lt #jki L^L> j^ J»j yl^ ^ 

. UlUrfl^-Jio^-ilS jV*j T10V 

N «f 

i^l»» 1^4^ Uf* ^ ^44*^ J 1^4^ J^jJ* »jU* Jl+rf • » 

(•+» . >. Jil j . #^L <JUJi >j ^JB 4#I>U *LfcjL^J# ,JU1 4 . ^ U J* ja 

£ i..n 4 - j jL*o 

jl*^»V* oL j~ • - - wit^ll»V ' <j| V[ Ijj * -- jVjj 'TA • ^o4 4- J ^311 j JftMj *4 ^ljj 

• ^Jl j^JI J»j ,U.»yU uj^j j .<i« 4J* ■*" 4-AJI j .-11 i^kjl • ■! --— ■ <jLfl .ithitll JjjJI 

J jaU I jVj J 







































jU iliftJI JU« Jmu jlj t^i^Syi wj^aJ 

< kjij a^Ijiu /iii^<y> ®Lli) |j« \1 j{^ja) 1 oUjlxl! j^Ajj •>-» 

•W*t^ ,/* Jl—»iWI /Oil <H*>- <i#J jrfiji ^JJ U- .jUfciJ* <■— 

jj jJ ji »'yij Lm )jUlu)U pliiV' j^> jjljJI jujUll 1*^1) IMi* *‘ U^ill culi I jjj 

Vj^^SLaJ' ixm j^k> <jL 4*J i^jUJI i^jl^jJI jL«j' «l» ^i 1 y ^j <jl VJ jJ[.j *;*-j')^' l^l^«^ ujLJI 

. L%i« j- •*■! - t I J - -*-"■ I LfjLlaj » -)'■) ijL«-»JI ijjt <JUa* ■*-_■■»- k jA * J' ^aYl ^*>^l]l 

. Vm^u .j ^ISL»Y1 »jjk UUu ijujul OjjLdiil uL)k j«^LijYI 

* 0* f.lj-.U 3L^£LJ< JjjJl j) JyiJl jtu UA Cy*3 * 

^j-j 1 **^ 2j^#«JI j—■■- w j|<j*-tl ^ ^ >,.tl I a «jlj j ^j- *"•■ w ■»* ,y 

- ■-.» J l» 'J+jl. .T 

*<l‘ '' * J * j’j'—‘ ^*JJ ) 'J ' I *' •' ^1»'m >y i«i .▼ 

I_,»1*M .*.» ill njllj j <4> ^a ^ J«~. 1 1 ^, «.!«'.! I g~ i i 11 ^ fkl>JI jBytUaiJI jfjJ ) ■<'.« ■ .1U i .1 

•^y*- 1 V »>• 

J^jJl >li) \l ^l|i(i l^l jil l^iy ^iku jii«l IftLJI J^jJI w • . 0 

^U. J j .^o ll «4iUyi jiJ' . 2 /n ^yLJIj O* jl^l' iy» '-V-ifc ' fiZJ J 1 j+4f k v»** ■»’y*YI j y.i.« Jtj .1 

J 1 JiljJ' ^ 

^<Utl )«JUH 3 L«*a‘» jit 3 LjjL^IAYi • 

i ^SLl 1 l jjt ^ *1 - ■-II » _^>JI Jj-lJU,> iili»~i< « ~ L * JL - -- ^Jl <^aJYl 2jlju ^ ^JIaJI p --^ ■! 

iii’i Ji> CiVjuu jiti'ij jjl .^~^yi l^iSU* jfim.\i Jt*7‘ * 1»1!I ■•■I.VjUj • J 1 .- i.-^jVI 

,y» jYI *>SJ' {ja • j^Jt ^y» vJUJl ,y» — ^iJI JjjJ' L»1 . l ^ LU^l y V>*; y»$jj- >»il l 

M 

l^yl 1 j jywJ 1 Jfj Jtu oUiui.y jM M <^iy Mjl lSyy»' S ;li^ l^y|l « j\j) 1^.1 yyj^j - - j j 

n 

♦ Vy* 11 J>*J' L>*+t3 

^fA « i« oUjt.i* VJ jitji Y) > i J)-kJ*A iliYjuMj yiij L^jljk .<■'■*! JS U*J ^ —ill • ^l^-.ll ^1*1 l^iU 

.1 ** • " . 

4j^H* 4ii.iL!» iijiUll ^y»l»Yl j 4jl ^y ^yljjJI ifliill «j fcliij ^jJI ^ji 4i<i*i|l ^jyi JAJAJ) 

jU-t ,T jlY» j*^jY>j^. jijii ^iii^ J^oll 

4 l«al Mi^fl! X. A A —» ^^IaL* *\ |«JLaJ^ jIIm ^4"/^ * ^ iil^j v yl ^4ta< 

jl#L» T ^Ij*.^ («JUJi ( j\i-. 1 _ r fU*.l ^ja ly jJi ‘/o- ,^JI jl*.I^]I j»^Ji ^yi^ jYjj ^4 JM )J j^ jj J^jJI •IjjJJI 

i^ywyYl ,y» —*t 1—«j . ftiUJI _f j~-- - - Jj*. jJI y i'jL-l 1 jij£ i> aU* ■-.»..i 1 jy^YI 4^*-LJI ji*j «- 

JjyJ! ^y»(jYI J^*. jJ 1 Jif» <>' U>J * * yii'l il>i ▼ • ^ Ji-oJI .! «. ./• » jy jjLJ 1 2^yfcVl i-L- 












L* J~c. Ja J ^-«i i_i jLaali 1 4at£~.i ui uijL^j. ( _ r >- HiV' L* jL#» XjJa L» I ijI Jj*V' JjjJI j'j— t jlaaJI j 

LJU.J 2 jyJU^ 4.«iti ill ^AjJLU 4jl j wipl I 4 J V 1 • ■*■ *yt* I 4 I ifC^j »xl j .*Ai»‘it» L— 4 1 

2 j'jXMI .‘■^fc. ^4 • 1 JaJt y Jaaj >» <^oL». j^*.V' J j_J' * 1 ~ — 

. jJ* ... j i— 1 *J'j 4jjIjVI «iiljL*I' j. ^LuYI l< _ y li. i»«.*.ll 4atljl .-.l— lj.-iv 

: 4-ajnJl »'A^fc'i ja ijUij uliy 

«!-■'»■»•} *]?■ - * «J . 1 --H Ujljij 4+^1 JjjL J ~*^ jj{j AaJjaJl j^is 4 4 Mill w/j/jatll Jrl 

: ^ J-Si, nh>Vi Sjtfli > 

^JU. ^ y j _p>* J&Ju Sjlil'j 4j>Jl . ' i ^lV t l l IjaIL jl vli*» Jfl' Jj JjLjH 4 t>* ~ 

l;liU JjJ J*. Jjl.«Ti» JjUjj gtfciil > jJ U '.iAj i 4<il.. i * j* J^BJl jl <a]jfJ< Xa» 

i#t>l i> ^ -oL j. jji*- jj* vjl-ssvi s^^SiUj »yi jUtfi ^ 4**>Vi 

yt^y^ jUjjo v*j—Uj ,ja ' .a)Lc . ijy j.aa»\ , ni»«i k^AatJi 44 * 1 ^ 

^y- >jjUlo jjo^ Lm jL— jf/l j^^Lij 2.1 ''■ --M *j j)j 2 a~. y^j y \^J W 

. v^di W*• > »V’ 

:^L La Ja <ijjJI Afjkiyi *-)*i_p Sf' Jj-JI Ifaaj JjjJI jl. ^k i i i 1 jjju J&ajj 

.‘lalk lajj - —'■ Ja Vx l^'A^Vto ^>>■ Ak! y*J ijUD *l^jl 

♦ 'xJl J* ^jljl aiiiSV' jjti'lj «XlyU]i y-jiif \C.[)j}l y A^a l i l t <—«#lL.Sfl J- lx! 

<«■*•« / ^i/V* ^ i)'*!' Jy Ax’j-Jl ^.J>JI tXJl jyiji 

.ijUUj ■ < mSJI \XU-lfa4all 

.LkjixaJ ^U» »J& »U tc.lj t+jyJ t ijj&l J>J' ^alxaj j^L y A^yyi ^mjII a K . 1 « 

■yu>1 ] jUj/» jjy ^ic. *6yu* ^>i>! o>- uiA* 

j-* >ilL jaj tkljUjWJl >-«£- y ».y. i *.l> ^xJi jIU* 

44^1a Jxail jj .Cil^j T b f ll oLS I LLil> j* Xlfr jkXj) Ja jU^jSVI 

jyulij ^ylA-Vi Lj La ' i ) ^ jU^jSVIj AaJjJI JL 'Jkyil 4 *'j 5 ^ijl 

y+*y') ^jLJ* V 1 '*' 1 alijJJlj ^e.>Li]l £ LL*]I j ,»U2> J^Jy ^x-*- 

.yJU»j 

*lilj >ltU.\t. yu j A^l^a 4^4 jl Aai^V' W4fcj, 

UiaJ >H>« <_«lj*i Ayolkl i. <«va« 4^iLj \~J>.m\y 4£- -» ^ jl i , »>j L>S . 4i—ajl 

4^jijU >». Ua JaJI jl >‘l^> vXL.l^a >- >jj}l 4^J#V' OUj^aJI J^UJ 

J . jjUJI jyji y v ^\ r . U JO“l si) ^jjl fjLJ' 

>>>• ^ \ 4 ll alf. Jkj*l » ->'■ jl - ‘f J j .4 ^o'lllj jatU 4AjliH ijiJI la* jlSjyV'j —a» ^L.«jl 4C.'u— 

3 















^un j* ^ turn 

globalization ax>q» • 

j'Jl* jit. jj> .. A^tl U -«'.«vi j ^-II i J Ji.il iikMlij till jj!■*' (*JL*JI .- 4 .*. 

4j._lj.-tl tliUl^SLX jJjjJ' j*4 4^41 ^jukJI jjjlmU jjlJI <X jV j* 4_*lt 4 ■■ — ■ -.Vj—~-M »jl>,~) >,.»«*( JLtlj 

La£ 4 -f U-. r VI J iU-l.Vt j^» I ^ jjj'jiJ' Ju»^j fUJVI g |I«I u^iu.iiLkll 

I I *j.4-.l~»II J jJ Jj~—» jit jL_jVI j»l ^ '■ ■»- 1J <*ia' ^Lj i j f j ■-*■< ^jLu 4-J.Lt. .‘lUna 0> ^a. 

f 1 .i» ' ..-L uU jj-4_il£* ^Jl *y*i <-*j L* Jjj tfl jj» jktjll <J » ^jjl tiijJ' J* 

^ A^t I J^j^l ~ ■ 1 , •* 

j j jh»JJ # j^LJl 4^ oL VaVI J i<if» yu i _ r U, yjU2 oJ ^^ ^V 1 ^l*J LJj 1 !>1 V llLJj 

JC *■> IaC iV^n'ill #jjij ^^-1 l #j jju 4 l|ji^ ^4 

jjLiillj jtUi*-'}/' <_JUJI 1 _ y j j_>L*»iiVI JL*II 4<^>l> .*■1—l .—H j <1)4 t»"l <1^*JI jYI <_■'-<• j-L»j 

.il)*JJ ~.C-11 j *jj«|t J Sj'al S^tl) 1 *'.«.VI) 4_(J l ■ -a.i V 1 *^- »l)*-ll 'I ■ I --~ J J^lj2 I '<■*) 

jjt'.ji oLLSJi j*» »f*c- <ai g«.ii^ J*l£Lu j 'I -~~»i jL£ J5 j' Lr l*j l|'n <^jl.rfi'.jVI * -~*L*) I jl 4i^*JLft 
tlllil^SJ' 4Jdk jt ji^-’l jaUa l^jl J Jyt'jiJ'j jj*L*U J)~..-< jjt J *1 -~~-«l ^)<M JSJ l 

4* f ».^ll oLil^SJ' ,y>£ >J 5J •~-4)l l j4 4 I 4 * »U*tl 1*4 Igi Vj. i filial* !*' ^4 Lin tiJIS «lyM 

•£>*ql4 

i yii> j AljjJUl • 

<JjaUj wLt^mi jj JL*2 >l»y> ill |«j»l i‘.mi«l) 4*1 j jlLtJI J&*A ji» *o*at oVysi ^Ijj» . 1 

.ia tjiai jlyll jljll j* ijOJUk JISL1I, 

IX-.ll )l <_jil j^Jl < ■ - J 411 . iJtjju I -_■« I <4.1 j^Jl jU*a t _ y J 4. 4 I^ ijujA 4 ^1 ^ A 

lillL <il j tf jLivJi JjLUI <S^ 4 . iil«.i»i ^ i.a'il JjjJI j<j l^ J'y»VI j oLS^>- oj'jjl .T 

■ t» >*■' _>4 ll ■ J »*^VIj.,-.l-_l ..-II JJJ—~.ll r L 44 4l*‘.--* ijjL^ll KJ|I Ja) <^> ^4 Jl --»*VI JiLt.) 

i jl —'-II J^4 t _*a }'■•' c*jl£ t^lll . I~>l »4«|l) ^yjk ^ju^jlJI ^j4»li»~«tl) j- J —*11 ^ 1*1 il^l ••-■!< I jl . t 

j*.ij t> - -i - 1 yi j m*V ••■' ' I ---* VI > *>jVi j*. yvu^ cox yu y^jji 

. uiuf lyotsiAULJj Deregulation yi.yiu<bu^vi 

I Zj LjJL>w» ^yajj 4l>jJ' • 

{ja jujjJ 1 i^oi* jjjiji jit Challenges oi^juyi ju at i _ r *^ji «i<ijju~.n oj'i 

i|<la«i.<3li ' jj L >».'» Juu L> )4) L 4 -I 4 ij<‘n«*i jl i-L-t Uf>'«.-I jl i* t*~.I> jjjJI (ki-i Opportunities 











.Ljlyu j'J^ll jj £j jj L~j oIjjL-aJ' jy 

■ 2lJL***i jS* OL _ > 1 «a tl uIm> ji ji y** t tgit^ 

J'>aYI j.j)j oli^ a- ^ i jLc JjjJI J'^Y* u“Aj *s*ISjjw <iLui( oljiwJI jjl^Ll 1 jla 

1*^. J*. *1*-' J*3 *3* Ji>I« J^* J J*-Y1 2 _ja-o1 J*>aYI ^>1* J*l)j j£#L» 

• Ja.YI j j .a ii ^«V I Vl|. 


ilj-iJI jlJ).L^J ^jyUll y YL w --jlj oLc.yi.il I »L»oIj. lr»it^ olc-yul* jl jgc »y* jli 2 a Lc. 4 a*ajj 
4 »(i yiyi.’ 1 jlV 1 2 y'J ^4 Ojli o'jl i _ r lt ^1 will j £ jL»J' (j>A l yA' yiYLi 

• ,J«#rjJkJ 1 » 1 «a,i 21^ JA 4yylA.'l 4^*-UJ' jjA -•--■■ -»l ji UjjJI J< <*£. j ol jlyY' jl jjil jJ' <^1*. Jl 

i j«jjjuVl£il • 


» un i il ^j 

! JkVl ijnni • ' 


La J J j l 4 a*I fjf <J I.. -1 jl L«S.%£.y^A JK ■*- I j •j>-“ ^*5)J JL«"' jk»W 

)jjLmIII VLt ^j»^jaLL«J' y ^jaaJI 4 j^j i.rti i j;y».l ,_JI 2 J$j Ja Jill; ^iJI Jly«Y' ^.jJj olS 

■ i^k jl«JI 

j< l^i ■£« ' «! JkVI ij j . Ai y»jyiJI ,_;*»«i »jJ. / ... U JjjJ' «aa ^Jl <jjjJI LkJj L^jljjLa ^ t .! ».« ’ < ~y 

.UjjJI ajuA Otyj L*4 *i ^ jLlfcJ' JjLyJI (VA* j' Jy l^^Wj W** jl >»2*-Y' 

. Ja.VI <L>Uj 4L..y.i yAjyiJ' .T 

»Ljky ole. j^UI AJLA J- iy;l«V...yi olt JyLl Li i jLt JjkV 1 ijy y« j 4lA..y«A ^AJyiJ I 1^-'• y 

J^a*JI Ja f ly* ^Jl L^jLa jJJjJj. jl ju^J 1 Lr lt. i jjlaII j+iy jli»VI I juJ j>l Jji j i 

. J*.V> JjjIoj .« a.. )L« 

^LJLj « »<U jy> ol J I -V---VI # JU» Jl*j J. JI^aV' ^ J* J jLilj' 2 ^ LaI• kll 1 J L»li_V' j •*-»*■) 

,>_^»l iljJ ^aL* ^ 2 ^ILk* jl a*T...VL j<ii»•*. |>yu LajuA* yi ..».ll y ^LjVIji 2 jl jVi ^ iS jL!La j« i<>7i 

.Liil j ISJL* ^LJLij. il jjV’i ^y* iSjLiil jc V .«■!» 2^2 *L»a J«a»y <jU 

i r :-.H ij. i.^.-. Mr-.i V--»i .T 

yuj |kJAU jl 2 f a»~«LI 2^ 't -»~.2VI otOC.L m<XI~ 4^l l j]l i^iLjl i_iy**JI 4jl^j Jjy 4 ■ a!^^jJI ^IIaIII ye. 

y 4 f «i".ll J*.' Ja (jAJ^ 4 Jk > y»l^< L£ LJL 4^aLJI JjjJJ ^jL>Lc.I j Lmaa«~,A^. yll yAAff 4a laU< 2 ^ I JjjJI 

^LaIjVI j ---’ij jAj^2II ji 4 a>>L«JI 4 »a jp» - 2r.» , i LlJLj^. CamIaJI «liji^SJi Jaa 2 aL> uij^L 


7—4a)i a4*M2X 


J*>* Jfj-VI 










■ 3Ul>tjJl ijbtillj ijlxill • 

J*> 2jLjLJ 1 jUaI ^ yajL-ajiV* yj SjLXaJI y» jji JjjlJI jwj 1 «.» j ^l.-fl JjLu ^k> 

; ■ ' •« * > Laj'j • ijlafclJ' j£ XI.aaaia 2^aII* J1*X V LajLXaL JI^VI y* jJS Jly*V' oVLilJ jiii j-2J 

•oLjLJIj jLJI JjUJ VUSJ. VSL. 

, Vj^ 1 iJlLiAVl uliMati >iU». • 

2 ; .-' ; .-!l JJJL*JI Jyhj . ) 

uW .t 

-U>> JC,>SaSLJt ,T 

JkJJIvV^i .1 

« .olC>i8uIl J'ju* * 

yl - f 2l 1 J*jL* (Cu w '- * I j '' ■ •■! jl--II y oVjLU 2Jtl£J plAjX* jii.iix J»».. JJ» >1' o^j** 

(wJLJ* y» i-L) a ln< yt j \» t AV f jJjoJ' 

<a]*juL»j jjkjLiJ' |«JLJI y» ojIj jj\ y» iijjjl '. LX _)■» --• oLjAjlX' ^ aXjjjy' 

# 

.«J)-lU ^yiLil' LLj ilj 21jaa 2J^L*. yt^XI yi oL j A >« ll j oV—-»■»'. aLI Jja— yt» . oLcjA-^a yk 

>~<1«IaaJI 4—aL* j ■ ~.1 _.l -»'l #jjk JlaJ fCkk ■ kfi Jy L*_i-L lIU j g i2a~n > . ykjL»J' |*JL«XJ 4^>.ia jl iul' J La jliit ly 

-iyu-iyi 

2JL>) * ‘r* M 2 jUm J!K-»- yk ;UJI (*JIaJI a-a iJjjJI l^ytu yjl oL^IaaJI ulXJ Jj*_ jJ oLcjJal 1 .j'^A ^jis I ijj 
\ »1 -l~ 2VI oliVjJI {A+* J> - jXc 2.LC.LJU L+jLL yk. pL-jl j'yl' 1 jlA p J--T1 i jLaJI j»aJ. . (i jL. 

: L«-A. jLk—i oUy ill fc j' ^jk oLaa»£ pj j.y* jLikJI pJlaJI Kjk 2JjjJJ AaTiiaI' 

# 

■ iXjjbJi uljUih «jL>> jl jt yuti Vji 

y >j'>y' • Ixa yl 2 jU. j^tjj . .oLajlaJIj^>..11 <*»■ jl»J* 2 jLalJLj 1 -_-« jjL»JI px UjjJI k.m'ijf 

2 2 jIjuII J 1 j ‘k J»--jj. * j jU.l ^ ^ 2 jjl - ^ t 2 j\ attl 1 1 iI.»aII 

y 2 I_..-1 1 2^jUI j^c. oLajlaJI y olyl.AP 2j^u»l | j/ 2jL*kJI Lit. aI—J 1 y 

J-^- 11 2Uj JkA JiJIj iJ^;La4 

■•■!■■ 11 ^ja.-^i »jljiij.-.l jjL^JL^IaXa< iV oL.jj.jlX 1 jpjk'l 2 ^jLaJI.-.1 ^.'.ajj 

'4j^ J«aVi y}l OV i^‘i 11 <aj2 juajj •• XljjJI yl Jjl i rt*2VI JjiuA ^LjJU Ijjjj yl^ 

^jl oLjjoX' < *.» LUjl ^jX 1 y* ^yljJI • -.!■«- y «i>Lajl*JIj --ii y <y L^j'; jLL 2»_.~.. ;^».jL*».'i |«JLaII < y» 

oV ,J»'.11 Ojlj I j' yaiLiJL. yAy'^XI j.'njj. ^yjiX' l^jU yi a 1 ^ Ljjj j'jJ 2j»0-j (aJVaJI I XJjjJI I^a A .u 













J^d)l 


Jib t***«l' •»'>Vi Jx. a.. ' V-^-i V' oliVUJ' 

.'jt«'i<< J*jjy 2■ WAI olDlt L^l Lftilj . UjjJ 1 pft** 

oliVUJ' ^.1 jj U~*l j^u lift ^.liUu J,j 

I •;* ^l--M LLiYlalj 1 J^ *-‘ ^|* «JLft £ju2ij> 

«juk ijLfcilLi Ji^L* ^ftj > JjjJI j%j 

{ja U> Jft^j jt^*S ftl—J 1 CjYlill j ■—■*■"• V jjJ' 2. 'I.-~'.2VI 

0 

j 1^*1# ; j^aLu. jLilJ \ iia»l JamJ ^4* JiL«j 

^ US r^4 JCftU j^I| Uji J i^ 1 j j 

a^i ovu > us iji^.i jis-ii, y . i*i^ji > 

l r \.-r*H\ oUVUJ' Jft-S5 oUjS. J>> y J**U jU2iV» 
W»l'^iY jl J:^fti J>J ,_y» ;U‘.'...iUjyyi j.j); Jlnil iJjjJ 1 

•will n* l.-llj ■ il 1 ^>» >1» 2 ..-i ■». jl 


• JllJLkVl 

2L.l*i ^4 ^JUftll QA**j 

0 

1 __ r U. Ijili Jaftill Ijy 

* O* 

2;L»JJL ;jjw . 1 

2jU»ll' L*j^«j ^U'> 2y>jJ' 

.2oU<oJt 

Jy*~ o*'+t* J yfi ***** j-***; •* 

*}fj JSJ 

uL>» jl c)*>** jj«<«« 0*4* 

Jo 1 * jin v^**► j*** 

jfU i Jll' j*l; »' ■ ■* j- J^V 

•>V» 

2-r.»i I jliiY'j v^jj .0 

Jj-ljl JuU JI V Y1 J«jjj kljYLauiY 

■ <21 4 _ r iJ i ., >1 <«.Vl .tllliS j. 

• wYLiliY' »juk • I jj 

<f*-\ .u>l I j\.U>~.«V' ol J JUW .1 

2.U.1 

.UjJi u *> j ^jull ol .lLU I ^ .V 
.iljJ' IjSIji u, 

2 • -_•*• yl 2j il ■ --2VI ^jljl w n_*j .A 
■ (*JUP 


^uun ZifHiti 











J'« 




............................... igjl»»*«ll ■ ‘*j•;** 

. jjS jl I wtUJi 

i L»Jl 2UL^¥l JljjJ 1 J>*- 5>jlJ w-1 

.J£*> jl ^y| pi ■ -VI 4^1 ..~l - f 

-JU< ^.Ij > ulVj-SJI i— 

■i «4<k!I y iS j -*-ll SLm * .»■ I ..r»1 {jjA-iyt 

•>VI JtjU U«>-£ 
ijS-v ■» 

.• Jkt V 1 > _p^J.^jVI -T 

.SjljV'^iSjLUI-l 

. LfJJ-fc* illfc ^ ^lyjVI Jj^ajJI ~Kyi 
.ij ».^ H iSj-UI jjj 

.iJUl jijjVi j>~ > yyjLi jSLv-J 

.I j-t ai-jl u^VI -r 

■ayui Jl j,v« J>- > uy Ji js^v-l 

-iJ ij »irf»|l «4*JI «Lkj 4lil«J LuJ 

ijuU^U. Jj—<wJI £ 

»yjyi>iSjLu»-j 

3LjjJlISLmV< j 3Jb 2U^*alt 4^jjJb 3LJUI S£J Ja -0 

i 3jl>- ij ilxLdj£ JU^jY ^Li UJft JjL*j ^ 

.^>J1 ^yl <j j ,*%i * 4^aj^JI 4 ^aL ^ jjl j^JlP ”1 

. 14 4 ^a 3 lw yMi> i"i ^J1 uUuS; r-oj ^iP <^LU jljjSfl |*JiL» 
















1 l JL - a<l ) 






l>^u Jf4li J\£-\ 

s ii^LJI ijL*3' 

a .^.i si i »iU’, ■ ^ 

. Jyijjl JllSLil j^laj 
. jjiiJ' v-sjLU) -w 

I ^3*u l** J£ ^ ^>«_*->»«»H i_» L>- V 1 Jl«j ^ JJ1 Jl J 2 jj»A j—» - T 

.... j* ---1* ^yC. a~i* oLftliaj <_ktuu~* 

aa ; ;^n a. ; m -l 
. J»VI j 1 a—J 1 f\ -*_* 

•J 1 * 4 * - y* «4*~£ 

• Lj)^j£]l _* yd J 

. I j£ ^yll wA<v ” 

.J^«i)l jljL<d| ”1 
. <j JLAjJ^ ^ i £—}jljl "uj 
<jl*"J 

> iil*W> j jljjljJi j>4ia AjJLnailYl ulj|h3l Jol .f 

. iM >J JS Aj ^^JLJ ^jjl ^a/l jjy JaiaJI I|mM I 

: wLLu J£ Aj ff+J ^ jj* JnLLill <1 laS .llio ■ .-jH-»l>j. .il^.ll * l^j 1 j" - 1 <ilV _ y L 1 

J.LU1 .>i;j i 


4 1 uJ^LJ* 

>* 1^1 ii ' 
















jL^dlVi 


JSLJI 1 >^;U *lll.4*JU' jljjYI ^jabJ 4J>*-J* .t 

• J4>^l ^ji ^ j_y§ O L»| 

# 

.V>l«Aj jj^j^« ■xc , ^*J Liij >i»lii.rf»M ^>L*iV V^j>U* oLil «i«»>l f**y> -0 

jla**' 4$^ ^iJ'j ^o^itP jL^iiV 1 *'j j )'---*] .Ul..»tl (M*** ^****- jt *i»l^»‘»)« j^*y • ^ 

—I tyljuH 4 jI jl>^II 








. jrfllL 4*>li# ^1^4 i> blJUUJ jLfc** 1 t _yA #JmLi ^ ~ * - I JUaJl J 4 UJ ^11^ 

CiljLuJI <U» JjyV* 1^*4^ ^ika-J ' j’-f-*- J ^iil> ^1 (%+aaV* JmV • i 

<fJU* jljjSfl jy jjj jl juaj *»'«*' [*-'-■'• jjU’<« ^La f LLa ->y*-yt uw ^^3* j • 4aL.aZ.yy I <^WiV* ^a 

.iaJlll jl jjS / 1 JV-*. 3 a ( ijJU' jl jjV j>a( L*j^. juL«JI j ^ 4 .. VI iu^sLx- wu)) 


i *u)jVi ji j*ju*»y< 3 >« .' 

wlaaffV 1 <jl«c (*—L iaj^al 1 a^UaJI J V-*- i yk JjV i*3UI 3* J}^' J*i<«| l+j4 qdj jj—31 yA f 

.^jjjLiJI la j jt» « 1 m I j*~y Li*j • I'^Jl ^Ic. I 4 - 0 « .<I3 VLi’ J 1 ^Ji»5 ^^*3* j 
ijljj y I4.aj.jls oic <«aLJI )jj2JI jUal jJ a r... 11 jt^aVL 1 .iTTCyi ^lu Jj* [»4--*^ 1 a ■._ .11.j 

-*■' i '--■., »'v?fvi ji«y .j» .-.' ii--\i a ..-iii.j j^i.ui jaj >. 411 j *ji^j jua y ^-..-i-.n jju 1 yi... 1 j 

-•- 1 ■ ■■ -II tjJt J3u ;I * -*' I 4 J Ja»a [ _^JI oLJI iyjLi&VI ^jala/.V' J^i>,‘. jja jl .4£ ji jjfc » jjL* 

1 ji j>« .V 

3>~ ^y* la; 1 jua 1 Jm> ^il* v’U' J'jjVJ jjjJUaJ'j J>-ijlaJI l+ja »»» ' • . » ^i3 l Jy-J' 

Jai aliEJM ja«'y t+i3*J j^aJI . 11*.. j alii fdf |‘.J> i j jtj«a jjSla'j sjlaj 1 uJL3 jj. - j* juaV 1 

jl3»' ,yl g«.«> iw ylJ t LaJLL' 3 *jjV 1 ji i jL£.Li)l j .^3Ul jl jjVI >1 jlj ^jil Laj^JI J*£ 2 jii il 2 l^> 

jy oil' LtL* Ja.'j ^JaLaU 1 J. a» a j j 4_^j^aJI La tjal.ljylll JajyiUI .-.«J~--I l _ r l3l JI j,Vl ^ La j^a3l 
Sjljl LajLil 1 2*j|ll I_>lSjjalt jtalyiU lijla I 4 -J JalajJLa »J.all jy-J' ^Ic. 

Jj'ju ^ _jl>- ijallaltl jj£ 3>aJI Lia^l o3lia j f .1 la -M j^ajl * JJA jjJV*. jjSJj <_a;^a3 l 

. La t(i o'*! jJ«-[ f Laal jtsaJ f i-ajjaJ' 1 _^» tji)l 2 L*)~.■ . 1 1 jjL iaJU 1 3* JjV' 


• *L-» j>*J I jJli LIaj |%4I 

# # n 

■■ Lr l^ L»J> L44J1P L> 3 jl. i‘»U*yi |«al JUSy^.aLall oLyjl.^~1*V1 ^ I jy) iaaj^JI ...all . 1 

. t _ r U*yi .1 ■ -j~-aVI fkjjd laliia <y£ ^ jla«~..«V' ^If^j'j-' 1 *^»-jJL' <»mu .T 

4 

■ jj i >4»»M« * J 1 Jf+mf* J^LtkU i»y>44j # <+j J J^a* ^ 


ODC 


AAtali AifilStl 




J 










i 3 lju* 3 tjjSn jy jl> 3 -^“* j* • 

UT. fCtJ i JUJL»J' OiljlaV«.»Vt Jt. — <*1*. il^Oj y*\jut jL-aii 1 ^1 1 _ y A J^_J' JjjM » iA^*>> 

<4«JI j;jJ Lj' j ijjlyi* j^£j oj *iA . i^j^Ul VLi' Jjt>i' >-i*y ^^* t.* *.- ■'*' tju» 

Lit. u \J2i y» tyAy ( _ r JI SjyJUiJt Ifjt jt «*T...I J^ai ^i» iyiL-a l»a ,t3a.. ~ . k ( <l^jJ' jl 4tL«ja y ■>ji» ) J^ j a ' .ll 
jjju Lu»>. j» jMJ' J^ya-lb Lftjl yf*ii .jjaJJt ^J 1 2jL.iji jjnS <4»Jt #jua,jU.. iy l jJt Jjljll «jj y»l^2 |«J t jt 

:»^JU jj# 

“ ■ ‘ jlL.11 fjj-UI yl ji>aln« ^aAjl jW L. , li^ajt ,yl L^aa <S jl.--.Lt ygajt 2 JA i J\ <^j»J'' LjaXi Jki 
— ■» ; t .'^ L. m l^T. «_!££.yll jL-V.—VI , U^aaJ jJ'.jUl l^.i»t jiV ya*J' i^£J ^t a^—It /^| l» f. _iij 

• ■ «t Mil 

jl —^ U - U ; .-J<—^~a ^..-.11 jl^^-tt ■•■~ l L «- j J ‘-.I j - j~aM 1 aj — tl l - h U-J JaaA.-a » . U-« jjJilj 

jlj^t) Je. JjS-j j 1 j—•' JilA ^>«(^ L.-. -V* ■>*>•*) J* • jiiVL f>2 

..tjuft- J*.Vt ajjjia ol jlL. «;>-* y jt (ijlc ^Ic. Ja Ji') JaVI i j t At jjjt > j>_» ^ LkjjjU j)C ji( iy Li 

CjI jU^mVI ) \j.f a.L LA.f jVJ' J^allt jjyl a y^lalt j j - ^ ■ ^^. L . J |iAt y C|l ii.aJt j Vt <"> —jiA jij 

. L*jl 2 jljojJ' 


l "jljlklt j U* -UaiJtj |U«Vl a-AJjJU • 

^)l ( (a^YL <*—>!)') jl JlcaLJLI tfyin JU ^ij Jt oLylll Oa» JLai VL» <*JJ jl oLa jA ^J\ 

. * JL^J <1aaI* 4jI j 4^ ^U' wT A klL^JLil Lk>. ( __P-CJ <j' t l^jLc*«lj ^ 

4j 4 l^L 4^^3J jLi-— f I J .~.«J j , L^J 2j i.rfalt 2S J-Ut Am L^j laa^tal LuJ JCAi ^)La Ojj jl .‘1.0 ^jl jul—J t Lit 

«Jj|j»j a .j-t 1 Ajjl.-'.a JL 4 .‘. JSLi Jt j L.aj) ^LaJt i_jLl£Vt JiL» i y« «S j ■*-1' * J* JI. -»> . ~ J»Vt . UaJa J*J 

JyOM jjJ y. L|L. - ^.1 l^j jjjay ^.4^a..t --.I >L|.-II aj-a jj£j jj uJJ j& . iyjLjaJjt j^UJL. jy JuU 

a tL^.-H m»L ^a—V 


' J-> VaJI .>«i J tj Jaj 3JjAJ 1 (O 1 JJca-Jj 

. 3 *jtiju» ju-ji >uj^y u^.WAtiaiiyi y «j-iji #jty>ujiyi^vi l aA-jt>i*j jm ,t 

Lat. t _ r it J.^aiaj jiai (a) • iL» t»-(yjt <Sj-U' .'.aaa tjl ^Ljl J^. Jj. — -tl ^a^.JI J^Lm’ jjy .tf 
. 44J£ ^4 ^ ^aUI jpx) jt aj| IjpM ^ll Lj # JLjlj ' <Iii JLAaaJI L>- 

L«JU4» «“alLl LLU»«<a4a«I <4^ J~^Lt. f I ^»L>J juj V *T 












2 jjj~+ ya ,_ r I*S M ||: - 11 j^»VI I Juft jy- US a j; A 4,1 'j 1 - 11 2 - ytl j j.^ 1 ' ur L*V l alkali 2 jjU*»J' ~-j ■< --H 

. <UL> ya i_J HalI jU y I <j ^ jjl jlUJ 1 . Ufcjsj 

> j y I jLti juu |*J 4j' j. UjjJ' j^kill 'i . iill’tij 

' \*\I i*U J»' j ■-1 -iSlij. ^ 1 aVI olliJI la7 J4 iiiai«j *SjS >11 1iP 4a«a>>‘iiii^' 1 \0V ^U ylj 

JykJI jl JL*«I y»J' kjjllP ill] j aka #a»j 4l ~ • ■ -«I j illi Jl ja. alia. Jk~...ly j j --->11 JjSjXI .llaaP ykjl 

•J— 


i ^ iiur>y i i|U ij ij^ui i 

•-akaP fjA VjOj UjUafcL iC iill Jljjl j'a*aL 4 j i .lal I JykiJI J£-k y« O J^C. ji 4y jy]l -lykiJI oils 1 j| 
cU»V ak* 1. 4*ij^JI Jyiil! 2 .--iH. 4..2) yjj' ij.l>i» Ji 4/iUaiVI Jjkk'1 jU-alyiaJI yily ^y 2jyjll * — -’I j 
.-.K..-II jjJ. yt i f i Uy y UilL jiiSi L^jjJ 4y»y l f*AjfAj ^'ajL j)i)k jl y Vi j*l *ujUail' alykli 

44 UP 5 dl^iJI ^4 JaLkJI 2 il& jlykjl ^4j. i*tlS^a)' J * Uy jlyVl u^ij J2i7i ililji 'a£> j 

I jiajy fcil Jjja Lfjal Ua ^jSlj y«'yiY 1 y £a>y]l y kjjUalJ 1 aljkaP ill I ajt l^iLal yJL aLkjJI y* UjI J Uij-ii 
jykP ya i~.»n«i -jiiliill 4_-_i-j-* ^y 2juju>Jl 2jj ' jL» J-aLaiJ' yi. - .K -*_ f I 2 jU jl,*.*, , V 

y»J_^-kll »ju»> 4jy«« l y»Jjj|^l. jUkjl »k*4 jjUalP i l li ^P j»ly Uliiijlkj l^iV. 4*jUkSI Ijyk j « . .~ i 

' jUj. •»t t --M jjjL yt Uy -j j —*-^j Ji-** 1 (%*.L wkkk .*A»l..»i JSk, y Uj'j (kyjj) 4yU Jjka JSU yi jkUJV 

fl ti»‘ii.l y #04! JIj-JlU 1 i JitlaDI yl Joi L^jV J^kJI (j-a Lc.^j ^jLakk ’ 1 illijl J i 1 

1 Jiki^AaU < 1 yit Uil J j^Sij y' - —_■ L^jS/.kU^joll #JUb jl» y V 4 jjULJI ill^l.n ylj kiajilai j.i.*l^.»ll 

■ 4y j # jyi JU y 4 j ^-4 * t « lL y ^ JJI ■ . * l j -»! I y j^kaall 

4l | ii.« yi . il^.Ml Ul.#yL *j y 4lj>^* y US .:liil | y* <yUilV 1 j^kJi j 1 1 »>■<»*j j^Sj j yUj 

<1»-y Jjy ^Ji^i |«J UUiV 1 jykJI jl ^1 2jLiyi ‘yH y* 4 jU all jS. . y.1 y* J^aa ya ky^iall # juk jUlil 
4 j>—^ ^jU. jl alkali Kjjfj^Aj i ‘ la. ! J1 J>ai jj^la y. 4j^k>- 4j^j J>ai ^ I j*- J >111 JI j X* . i-ii j J' J^kall 

J^kilL 4iya. 

t ^ > j A ^~ 3ljui 9 

J*Ai ^ <JL* »"A>«a^4i yjl> JLJ* a* aL-^1 \ ' j| 

ki-tl 1 .At jla»i»Vl L ki ->1 iiill jyaUll ilalS y< kloji.^JI UIlll .~.L-ajj ya j. lijaiM yi ilaL.^11 jUa-a y 

JlyaV uuaji ailS^U^ oL-lUlIj jUjVI 


^alall 


J*>* Ufj-KI 











jLkJV) 


' ajyy' y» y >jjjk J**y ^y | _f ^ —'-~*VI ;jU-M ^j"l oilj 

Universal banks ^uLin uiyuH-i 

Jly*V' l _ r k J.^x'ij. J*** (**!*' j’ <*!*»* /• Of** t>* J4LCJI1 t^STi ju£ yJ 1 ojyj 1 ^) 

.^cUl^V^ H » ^1VW* ta y5l l^>pj.#jjdu4 

E-banks ^yjysjvi uiyyt-*,# 

j_pLfc»y^ J V-» Ji!l)LlLtl |Ci i V<» Cj y»jVI J51* ^yt J 4 IUL. J**3 ul^<i yAf 

tVirtual banks ii«i»i^i*V' jjyji |%mL i±iyiyi ._*yjj. «IaIii 


iu.u^vi jf+ni f*j <yjy' j 1 j-*> v jLiuL y#lau *y :| * ya-® 1 ^.<iyyi j^jJ' ijl* ^■<*» 

i iuJljy 1 jl jl^i j til jm)I . \ 

^1 ^J1(cjI jlL.) oVL^j' v _ r k. JjLa> > y*, uJfJLJI yl i >_-»jd' y* £' jy* yt jLyJI l*J 

^j^L*Ia1a _kj ' .Caj. aJ>iJl yl j f 11 <t«*l 1 >iil >«.»}! .!<! Jj ,»J y* ^jt. fCu J 944 JI yl y«L»lJ' — , - ' — ^ 

< Jit jll jl i-^*jjl y» V Jj CjI ,»i..H ) _ r lt jl»l3* ^r...lj l^jl j 4 -in jll j jjl ji y» Vjj c»l *-i~4 jy„u i pM 

4 .<>a>lj L*;JL^I ^jjl illijl 1 > _ r J' j 4 ■> 4 ~y j' cij ^ y» I^UIfc jL ( 44 ~-Jykl> 

yi ^y 1 jj+jj 1 <2t .-.I .itu.il«^y i i^j 1 j »i3y ji *-y~-* -i _iij «i-~n j »i . -»ii 

1 yk c*'jyu. (j**; i.^iUj> r jij y» jJL* j|y »,..«i y» fy 3*^**'«—ay' i jl* y» y ojyyi 

, I ,4|J| ^4 till -~‘l .'L»I1 <L LaI ‘I' tjJLttl* * ^yt yLtf.' 411~. ■ - ^ ■•■! 1 J ■■■»* jjlj _yl. iP 

iySj *j»jyi jjiui _>i jl^i l yi ^j§^—~. wjyLJi yu t^Ijj ^■* ■ ^ oL*3Vi y *.u .lc jjjji »■ -~-»y 'jla l». ^ 

<jijy' Jj 4 »l' jtju«i j .rti ^yi oLayLxJ 1 y' uil jjy j' ya V' jyi ly y L*^*. 

#jjk ( _y«. »■-»' oi jli L 4 S jyyi .iii»)i jjw ^.*i jjj'j..i»ii jjyy' j»i t yfe(.~»^xnyi) 

31 y* <;jj»4 * ly 1 y» 4 - - - • yiy 2 y*Vi Jj' yi j^yJ 1 » .a .--u. - . .1 jij <yjyi jyji 

oUjS.^oiai .uujl, ^ ioA>.yyyi oiiJi ^yu. y. iy^yi jyji yo-y yu- uyii o«i 

• >4Vi jy y» jl»ji tijts l»s Ljifi*. 1 Ly>y jl4j yj. yi^iii y§ <y^y• jj #JL* J>^ j'yvi pjb j>oj« j# 

.yyliJ' ^4 < i>1 LjLbSfc' 4 ..4 1 L*_|'^ 

>—<• iuijjjl j^LJi j>1aj • 

4uAj^Jl ^A\A ^y.rtl 1 ciLuJI «L 1 jL y./i< jl .L>**>jl 

J*jiV yy^ yl ^'m i j* jit y»\ jjl-*. .y^vi «yui y^4^. jy y* i^jiy».' ,y*vi ouyi l>j .. 













j'jjY' ^i»l ji' 

f*-* 1 oJjkJ' J j Jjj -*•'■ -- 11 Jijkjll J>y ikL-jJL fjk 1 *jV -~ A- 

fcall ii j_. ^ IJiU 4^111* 1LL«^JI jA>w}> 4jUI .'»'-^1' 

. {jjy* kl' jL «—a Jkj-laH ^yA O^klol' ^y* • yy& ^Lul kill I >lil.»..^ll «j iX» ^_yA0 

) «».■« jt I 4 .»«>l j 1 ^U—»V' jjJ i(i««fl ^ jJ <j' ^*jua jkol' ^.<ij j y&j ol.—.^l. 1 «JL* J y* J L4l 
^J' 4»yy 4 jL» .. y»ljj£Y' rlo 1 ' j' a_olo _)lj» oiy ^kj Ailc-j^.oi f l^ill J'y»' ifcl*. 

- A*J U ^*11 jJ * kc jkjU» _yt > ? j» ^ ji 4*k J)k jt JjJ l+o w _>k' jkYL J*>k ^^k Jj.^ult uJjkJI 


. .U>kJl£«>j 1 • 

O' j ~<i 'j& jV « iiUUjJI JiLfc {jA kkCJkl' JjjJ' 'J* 1 ; L*jJ' j ^k A^jkI' yA Jji ^ 1 ' ..‘1 i ni 1 

,y» i^jL*jJ' i--1 f --'l }jljij k>) “ uJjkJ' alk kLw “ y\ jbol: Jo. L^> ^Jl " i*»>Y1 

V>illj kX’ 1 i-lijJ' JSUj^lAijJU^jJI 

1 SbjUkJ'*i)>kll .T 

j' y»Y' liiSJ (jl«jjV) Kkj okJoY' jrt.niiit ^C) .L«V A lit ^Lt jk yJk ^jljull - 1 ' *■" 

. J»Y* j _■■■-»* Jjj-*-" ^k | _p > l»*YI • ‘II .11 Jalki fyAjy kjlaiJI f <j jL—aliY 1 <kki' kt~.i» a • *■'-)' I 3 

t y 0 lyAjS <j jyA kjlajJ' illyk.'! ‘ ^ --*■ j I yy& kk. l^>k yjj ,yJ1 AkAiY' ^yA kt Ui jV' <j jLj^JI k jkJ' 

A; a .\.j^~!l y iklbyl «ki£ . ■■ -~- l^jillaj jau j%1 ill : Jl&l' 'o 

•a-a^Tt. <«j-..t. .r 

jjJ J»i.«i1l 1J-A |aV k. J .AtTtAt |,‘.|»>. k\ .Mil ^JI j^ m jLklYI ut ^Ji 

L|.‘. oJ^kJ 1 #JL* jl «kfc.N-* JJdk^ I' A;' 1 ■ ^*-' 1 kft'jjJ'. A^jLkJ' oJ|k]1 Jo. I jy 

. 0 >fkYI -•■! ja.-H 

I 3 Ujlkfck» V' <11 >kJ 1 *i 

o' jkJI »jU J Yk "ja y jiyulk 1 ^yA Ife/ jJ • J'>-YI py2> <U ( ..j <JL> ol....y 

kiLl' 1 J ? --' ^ o' k ia^I' ^ ^«L«^ 1 ^il jlilH JaLli J an »■!' ui ^Oi >*■».< « ^yll' 

^ ajykll «juk _ >.V.i~ J j JjkYI Ujk J^jkJ* ^k ^L-YI ( _ r J» .lliil' .L»l. * .i !»yijJ. Oaj jy 

. I j ~- 1 — »IJ « .!!»'. 11 oLYy }.«I>| A - .;•■! I JjjJI 


AAtmll 


j*>* kij-Y' 










*1— ^jA • Lilj la jl ^.lr>*i..j Jyijjl j^aj ^ jl >-* oil ju i*«* j : AaLt 3l/lI j-i J>i ' 

Jj. akfcU J<>laa l+ic jj^aj ^ill «*!.. j) 3ajX jaj {ja ys jlj JtiLiJ • *-ai) 4_ ajOlijaj 

i^jJI « *~.j*L 1 jl jJ»l ol£ ja ^\a)l JjaaJli I^aWm Jjiill iaUJI i*jlj-UI i^aJ' J*X y I j£jk) jjaJJ 1 jit 

i yJjlaaJl .L»<m>j J^A'»?I . T 

,* , . 

jl I jLlj. oVjLI' f LJl J^*A)L jfilSI > ■«! i _ y it. <ja u'nlj • J)iil1 A**-L.V <*al*yi i __ r a #jl*j 

-lA Jy*i!l jL Jjaj LjU . Jyijj' ji. J^.aal' JjLia ull <_ajjal* la_k». j 1 jA^al.. ja. JjLill' jjl *a*-»«J' 
j" 1 Ifia ^AJi y »lj -I' ‘j-- 1 la_* -'• 4.aiUll jjlaf f»..aTi 'S~A) ... JjlalJI jl .Ui..yi jjj-i |»jaj .*■•» i.al 

A! jLI 1 A t Ur jl jaalli JjaJ' ^jfc. Ju j« .a'., . JjLiJ' y ,1^..^ 3 t *Uj 

t A«>iU ^luia jyAjJ < .r 

4..Aj» ~ .« 1..P 4 J -*f j 1 V jl j #Jju jjl ■lAaJaJ'j^i.a)! ^ Jy^fc jy ■_. t > A»» l ' jl.a ' . A Vl ^jA JjlXJ 1 

aja-lj^jl^A »aaj fl IM...L oil j j IfiY jaa jmjlmU l^aai ja Aijlall • ■ ja-1 ja 1 -<-;• J »' >*.1 ju& juV (*i jaj. 

«L.»'I I tfiii* jJkX ,»LiiI I juk ^il l»a*y. «IiUIjValI tlkA 4ajLla jl jl y iSfl jk. ^aV' I jjaV' «~> ta«*i Y'j 

. 4j Ja-> tljl a* J ^ya 4j »L-j La J_laj «*ila.t»«))j 

• .t 

ja *LXla Jj. a»» . H jl j»J' L*jiL»J ^a t i (*J Jaj J.a ~ ...l* ^ylj JlaJI jl AaLc <fi'^ iji l*J Jyaltl 
l^alaj^ j" 1 »fU~...i 4ala. 4-jl yh ^fyAf I U«~ia a j)Sj Jja-*JLi .taXaa; 4 ^a jl J .a ~ ..-l I y *^a) ja! I olajajlj ^l.-P 
ta y4a«JI jl jiHaVlj #juk jjJi i _ f SJ Jai^ 'nw ) • t^Lajaj a L * ,j4 »l«^La J^ajkiJ ci) i y» 

iy*H |*l «al j Ja J^iP 4*al j 1 ^a ' ... 1 ^a 4*iulaj jUaV^ j 1 jA ... . 1 jl LJ * ■ a * i _ ! La ^aj. I A* *4^ yt 

. jyAjlJI f jl jL».jVI j j u ajall 'l .-.-.'■VI ^aX 4a_ia|l j^i*a 4aala^i 


i fU!' • 

(4aaJ I Laaj J jUUI ^A - U .-.y*. a U Lty ^latL ffAJ)- «*'*»! I jljA' jja ^L*JI J^aalL »>»‘ m jJ JS wr * JyaiJI 
. _y»l J_yj J£ |*LaJI J>aa)l 1 »'»«Ti L^j 1 J yl JS jlauaV jjalaal y ^*aj J^aaJlil. -i»'j jl y Jl) jjj«a) 

■ i***.’ 1 l^liaj ^JLJL J l^liX > Ij.. ajl >4~I«.I <jV L^i JalalJI J*AJ Ay JLa I iC a j 

1 1 >»*.--*.j LjuLi j*xj ^all ij jL-aliV' O 1 jL»yi j jl y»Vl >1*) _y» ja ^u».i ^*yaj *)•-»_■ —j laila .*■)-^ 












, ^ j ^jl^W l + .^y iju J*. ol**. J*. 221UJI # Jdk ; L —~ j 

Debit card rt^ioiiiui .t 

|,»I I 2 1 - —I 1 — - r \. jCI J LUii 1 Ul*U «U«j V I 44 I ,_y» _ L-*' 'A»m..ll m\m. j 

.j > iJI^UuJLJ» ( y»J*«JI 

ATM cards ^Vi .r 

1^4 ^ 1 _^ 0 ^ajl 1 1 irtj irt» IJLMi Aaj j | jlijl bJ^i< #^4 ^Lll*> tlllil Ll 

j>-J* «jJLiiJ^ ^4 4 il* j^‘d I 4 t liill J>g»j jl 1^1* L*. jl #JlA ^uTtj . uJ^_Laj1 

.^uS JS .- ■ 2 ^ •- ' «■* ■ ; ■ » ..jl U>L |ixS US- •jJjjlJ 1 jSCc.'_ juy ^ oij ,y» Uj . h ^ i .1 

stored value cards t-jLi. 3u-ai> iLc^iuai .1 

• « oUs > j-» o)£j j-J') 1 < " '« . *» l*e* uU ^ 1 >■! -Ci*. U.l 2 * «-»j ^Jl olillbJl 

» 1 »■'■ ■ -*■ jij. s _ r *'oVC JidJI JiL-jj '*' ‘J-*j r l ' ^r* ,* 1 *•* ~~‘ oUlUJI: Jl* 

■ 42 jutj p\ >i»'...vi j 4 b ^« jaJIj If** 2 -- 2 H 1 ...» <^i^ 2 j^y 22 ji olilUJ' <jl» 

E-money / w 

: J^c y ~ ijV 1 — * juk ft .<a~ij 

smart cards ^jSrt 

^^• 1 ^ LmW ^42 j-& y 4^>jy>CP 4^1f <r>/>4 « >l^la<4<4 »*il frl W 

*221LJ' #JJk fCyj . <*At «lat ..l I UJUutJ tU < _ r it 1 Jjli t'Jt&if-*jS^ jj 

Sjjli 2JI cjr k. JutUJI jJ& <jU oJJ jJ.4u U»UJI -~AA f -ll 4 jIS uU j£j J^*»U - . L.-« . ( jut a .>*4 

..i.,.^».*- >•,!*» U J«» )l ^j2)ilL jj*-*-H ^Lil O..UJI jjj tii^ULuI^ |tjjj • <3 

digital money ***ijj» *>£j'. auion 

wJul jJ ^LJ* ■ 4bitS%‘A«*» aj4j 

4j§L-»V^ ^ O^aLail <jy—*ZJ 4i^>2> yM J^aJt 41mjljLm t^^ia>Ll (hard d T1 VC ) 

• 4^)3 ^-|L—*■ j4 J 2 JI jl . —> 1 ..».1 l 

• 2Jjku -iJjJj ^^ ^'. jj »J .4ill jl^aJI l _ r i <fjj 4^1 r 1'.»,! j^U'.n #JL* JX* jLmVi* jl 

■. .1U7. J Jyijjl ^JuJl > Jl* j»l J^pL.y I l^jJ ^IjS iirfj*. 4 j;L>C JLp^. ^1 ^Ljkrf US 

■jiiiiP I^irtii ^jkj Cj^UUlU Ut i^1| >"AS t ■■ 




J*>* JUj-V 














V >_____ . . ■■■- ___ ^ v > 'J 

<iiI a <j jla* jl jj* • ^!—'■ o"l ju olio* j uljJLlI iyf-f II >.iaatl y ...a >11 «1HI LjLaUI 3 *jjV' j oVI..a^VI 4 oa 

j,*oa <>. Vo* j-un j« >-vi > jy js j» j,vi c^—i,. Ukj ~a i ui>lji j jj juji > 

AaL. ..‘Iji.)l ). 1*4 JjJLA jaL» j-li. 4 ■ rtj' J 1 t_*A Ojl 4 4 jil LSJLl jL LI. JjY' 4JA Jj*La. - -■ — 1 j 

• < 444 ! I <L*IS ■ ~ ■ J ■< ■ ■ 1 1 <*4 ‘yl 1 J ji-.’ 1 j|U'i oljy I j£aj . .4 »IL j jjao* JaIoaI' jla ^ 4i*4j -Ltj,' L 

JLiLiiVl jyLII . 1 

^ -j~-ti ^y I .*lji Jl »o4 o.iu • jJjiJ 1 j liL-all Ia<jmu ,yJ1 <-iIjyi j ji-JL JoL-Jl ^pic. uJi^jJl jijj'...' m) 

I _u» ^ji jAj- <)oLJI 4 a*.n I^Li n^Ulti ,yi oJ jiJi 0 U 1 jiJI y .jtlii* jjloL-ll -■- 1 i*!*LL _yi 

jjj'yi jyi j jyJI flyjY' y jjjJI 4^Lu -L_o jj . jyill JjJJfc Jj|l4 yi jjiatJ' 

> J-~ 111 J 4;,• * 1 ' 1 jjiill jjj aa^LlII 4 .* Ij.yi i-jL-ljYi *j--H jaj <4 VIjJI j' 1 ^yi j---‘ ijl La ^ 

1*111 ji ^ 4^i.ij|l JjailL .bli'.tVI i _ F ic. *L* ij^jLk 'jjij ..‘lyiJI j.i ..-»~i JaiJLjl US ^jOA*.A^ijjJI 


E-payment JiLc>j»jLi> • 

Ha. jjX*Llll jpjoVjLll i )..«iilcii*LJUiiiijt.~.>i~iLjy«j c> iitjujt J»l ^4i«‘i^4 oj LLL. jjiili c-llS I jl 

JjL-jJ 1 J jajll C* f+Lt L* A~u-a jjlai > _ r 4 oYoLall *11 oSj ^ » ' . i a 11 j j I. . V . 4 VI yjL 1 jjLj . 14 '.) j 1 aijil 1 

. c«kyjL*u 

.oic>kjL«u SLuj^yi jjL->n / i 

Osi ! ^> 4 * 4 .11 ^»4.a»> jI >YI J 44 o^LtLcJI Lj ^J>XI olAjAoll JSL^Jl #ja ^ 

4 JA jj 4 I - j* jl 4^;Lal)l j 4yjl ■ a'AVI ■••!- 

:^JLJI jA ill l7 Ia OjLLLJI 4 JL* ^a‘»I.A». (4A*I j f ^ ftA* jV' ^4;«'||.I) * 

Credit cards juztyi . \ 

*1 I 44 j'l ^jl-~ -j 1 - i^i».>. l^.lf j-*'* * Li4j . 4 *^*4 ijJL !■' -~*l l|l<l> 44 tl-.fl 4jA a . 4 '. 

.^jIaJI y ,Ja1jJI jj-Ji ^ oLj>j »1— ^ja .LLL 

J-4 Ijfl-I-"* LI M44 ^yi ■•■IMI» ;ll 404 ) 4 J ‘-—II *‘lj —fl I 44 C J 

W»u il*L jL^VI <*<4 Ijjju. L. I jl -^ Jf >- LI ji J\ J-ai jj >40444 401 oilyiJI fAJjo ^Liftl . > 

LkJJL4-J ii f «< 4..-i jjum j4 J#. <4,LJI 4ol< * 144^1 044 jL4^VI I 444 ) JalSLII jlju.JL J^aaJ' pjAL'i .r 
kiLlS LI L>-jLJI jl j—VI j4 #1 w7 4 I jla4~..»j j' J---I 1 ^...j '/O ji /.!• jjii jls 4 jo-aII V 44 JI 

V ji. 44 IUJI 4-U ^le. ojo-aI ^yjl iyuyi iU*IL <*1*111 ><Jjt.l*4 < 444 kf>~Aja - .---I I iUaJI 

• to*^ 1 -^W ■»•**-* 

[ o4Uh^g ] (['rr| 










jl—liVI 


4jjl*a y* * -J ^ - • Jj.Aall). liA^all }A) ^LjEJIj ^aj.la)' ^UikJI JtfjJa j& ja»V' Jj' ^ fyu JjljJI jlS 
«ji»'n «) <ip* >*■! i■ <*»■ ■ «;^»j L_— l Ju_^jj 4lal4 4^1 <A»-L>- jl 4^11 V L• » . *. ,ja* ^i.1 Jjlaa ,_yl Jy-i- 

-«iil j ^ - ■/ ^-»VI _j.-4-la *.H I ol jlS J Jul.rt'l I jl _-*■; -I* Jaj iJjLl' «'^>V _yA.V' _j--» — ‘-’I I JL* M jao jl 

jl >V' ll>Lx- Lv ittiij ^'-1' JJjuj mJl—A - -J 1 --*^ I jj J- »- ■ J 1 l^i. ai 4 ■ A _1 LaiI <lo Lmj ji] 

: ^iV' i y» jr.«Ti ^yiJI j 4 —ajIaXI a-Xlla O yXt jl I*.iti (aj atU jJ.—ilaa ' i w t I jflmlZj (a^j'jjl 

ij* j^» JS -at jj j' ^ a.i j it . c-u o2>yi ^ jalalaiX' oLtj ^ Hal y* Lla'yi ipajLiX' .1 

^ oXJ i j ,jJ jiJ' iaX-JI j* JjLuJ' J^LSJLI . j*VI -ijXJ> 4a l .. l > ^jt 

.oLtjJ* _yj yj>l’j j' j>il’ jj*)!!' i _la ^lt *—«* jl-iaXLj «.^i 

filial' JiLaa I t —jL«J (1) *»1—H j> 4 m$ pIJ 1 *- 1 4jJLa ilji.) a . — il il ' ^Jk£ V .4a* 

4 _. ■ -a’.l 1 ji U^»‘ill 41,Li jj£i ^t.all jOAJ jU kJU jaJ.fcX-J' J I«7| La 1 .4 4jyua]l 4 jU» j^laj).(u) 

■ a I..1 1 jaj ijjlaall gilal j . IX.. jLaj| ^At 4 .iajiHI ^Uaj ^ 1 --_■ V »jll juy.«lit»l)j».llS 

, 4jL|- 4,aj«ll ajLala. jt J^aJl ^LL* jlj I jL». (a .all jl^I»V 4 aJLa iL.j [4J Lai ji 4 —lailal 1 ^auu .J? 

# 

L»|. lSy_ ayy jl ^jl J — , ai l jAi I .Hall jl ■ 4f.1l l^JLy Lj jjSj jij. —L. JS—1 ^ 4jjja jl j U . a. 

.—La JiLaa j>J l*-t JjLu)l /' 4j.l». j$J ItfSMflaJ _j> £’^-VL 

r^Jlj*** • 

«-*"Wj ^ > Jjjjl' J* (•'i#“’) i-A ^ 4_aat aL*u' ^ Lli 

. 4^1a y ^J| J J^V* ^ 1 — 1 ’ ^ ^^iijl a > 1 ^ 2 j ai J**a ^ Jjill 

ijiill j^ku • 

i-i^Lall 0)4 ja _ pa l V .lt J».I ja). Jjjla jfiail Ji. 4JJ- 1 ) i y 4-lLaJ 1 l^.^ ' il.^ i a, Jjil'l ^kai |»J 

:4aJllII J»l_ 4 L J)li]t o^al 

1^] ■ - ■ I - ~< I« . JjLoJI _yJ ,Uj..)) 4 a.all j«lia«S V^al 1 a,..' ^ai ^la. Jj—i CjI j 4al.. _ya 4 j»Im|! iykjJ I . I 

4-LLall . J^^aJI y . t.f-11 i^JLiLkll . ii^^-13 i^LLiJI l^la ij^S JSLLa Ij'j^lj l^jl VI.^aLaVI -aALUy' 

-<LyL i jLa j_-j —~-lt iJLLaJt . aa,<a < ■•■l .ljj^l' Jla O^aU 

a /, tall <ja~.fl ,T 

■ 1^41 ^ .Jaa..a V y . -Alt! ^4 v *-ilC j K I . i ^-f ^ S l Jil t ^|l » • -1 ^ 

. —aI13 4liU ye. j I 40 Jjkj jSLaaj 

3 uij>Ilj> 211 l .r 

iijLaai Jlj^l y oVLaAjI JjLaa. ^L—aJ 1 ^ jJ 4 .iaall) a—AjJI J^l JuL jlaalU jjLJ' jjjJI jl)«...t uj 

jyjj JiLaa ^a^ 1^< La^J ^i^Lalaa 4^aai Jj^l.aj jlaaljl a——al ji*. Jalalalll Jy 4.laal'j oaAjJI jyji jp Vjwj. 













jUJV> 


' j J jJLJ I 




^amJL jUJI L^i j^iil jLyV - U^j 

j>Uu > i^-L-V' ^I,kijl <*») JA . JliLiSL' 1 ,i jUJl ^»L^SV 
jL-iV> ii .‘.^j . «i .*-'.<vi i.L* jl^.u« jij .y,i..,yi » 

.l*ls, <—*. jA.^r*S\ 


JllJkAVl 

5uV*i Ji uJlWt £x*ma 

j\ IjJlJ J-»^ i Idk*! 4SLm \>» 

t 

J)iJI JaLjjl JAmAt . 1 

.<u*uLaI* 

Jl^AUl sIAi w .rtjj . Y 

j^laj jS jy .T 

- ^*1U.J J tjfcj . t 

j iju . o 

Jjiill ■ * ■ !■ * I j.' . "\ 

^J1 * 1* - I jl % i #^ _-**. 1 

J*£. Jl IJ 

^)oL j&un ^Ijji .v 

^y> ^l»ll J^*iJL fAAU ^Ip 

(’ J >** jS* ^ * ~ ‘ »1 | ■*• >»i 

^ oJ> 4 ii acun C j-i* .a 

(4 Ui i >j cJl* 

jjjj j “-*n kiJ^JuJl ^'jjl jjlkj .A 
. l«l* ,J£ JbIAj i»jiU 

JS*S 33^i j j^v *' * 

V a ji >. —1 ^JLI ^iXaaII 

j^*J1 jjj g *!*.-» . 11 

U*«*iW 

jJ I V'U' «-)L«..^LI J)J gatj^ .1^ 
«lt' jA-jJil jj» Ojy**}l 

. j \**r... Vi j*^i ijL)j 










uuji ijuri 




4jjjjj wlij-U' L jttuu ^_y> OjSjkJ 1 ■ -j;■ —’■ •• 

^U&21} ol*P -~A—^11 ijl jV' JS ji jkw Jl£JI. j 

>;,)U ' jiuuj - i ! I , _a 

jiuy < 2 jjJJ i £*- 1 -—'- - 11 _ r -» l jV 1 

n ^»«<1 ^L»VI ftUu »Ull.j 

.»U_^SJl ji^Jy oll>i» •) oUJI ijl jJ »LUU < _^1*<J > ^Uull — 

3U«JL*Jt ji ifrjf. I i I^H ji ijfi IulfijjJLlI ja«l 3 LaSL> Jii tyJmy* ^ VIA* > <1Ci - A 

.jJjU Sic'y IJLA Jl JJbt j t ^UJl t U*a}I ^| SUUl' 

•y~» aULi* p;-•»"■ i *)..« «*jV 1 olL #L»w. ^i^»».»P ol^t jj *aU jj »'jVl «.l*Ll».^j 

.,jli Ifl w ■ — — •*-" uiJ jJ Life) oL^jJUI 1 jL-J 1 


^-un^icai 











jjjj uy ijuri 


jl—IiVl 


(*>♦*** 


JSImj i j'j' «^£L» jj» 11L.j ijjjji ^ i j Lc. I - I 


.glare* i—uj' ^u.v. vi ^ Ujjji # . 


.oLJi oUjjJJ a ■ —.—' ji^V 1 -’i — 1 ^ '* - —'-W i *U--,vi jjUJi 

ol«4j l _ r i iSjLUL ^aUJ 1 ^UaiJI j 

JaUj ^LJUj AoJljtfl 3 L>»Im»II JiL*. ^^Lc. «I»UJkiJlj vL-AJ Ja j-T I k*Z»j -T 

. _>-• jjJ 1 j - lt --» r > 

i iLJLJ' o)jLjJ 1 llrkW ji %»*>*« JJL*. 5 jLjJi jJ lA 

.i-aLaj' 1 oL».>»JI j j*j" ^ jtJ-^VI y jjl i — i.--.! 1 I —'-—j~ I 

■» t .«.LlU [Vfcx ' L <^c. L*ifcV oUj*.' 1 £< U..^V ji 

.ialaJI oLaaAJ' ^ ^*iJ' jl SJjjJI <LL- ^>>.ti»~>i.l 

-4-tC. «l i«~«..yi > j£L«^ ifjjl tjjfjlill tjtjl J »«»i - J 

<*JL»1.’ L.L.I j LaLJI Sjum- -» 

0 

jjLu. jJkUtM jjjl —^ ^- l - tl -~»« «*^jV t jjL^* |*Al Jlju -r 

. 4_jJLJI uljLuJl l]a*i j! ul^« iUijUJl ijluJl *. y*a 

l^oi. JjLL. jI>V1 ^ ,»>—>J' 

«4aa11I 0 j£~sj ‘ -*1 j .-^11 hjj^j 

^JaII jI ij 

. jii-J' cT l^- «jJLilL I^AJ jy) Wjl 2 Jajj —A 

4 art^airtifcjl yy^ JIm MlTt j4 *. It. if 4 in~»a I ijUf uJLMl>t 


V^LkILj 4 j>-a (JAaJ .jjVtj. J3—all Ja < JLJ-LC. 


: t_iU j jLu Uii ( X ) l«)U) < 


a <J 4 £ JL*J La ^Lal ( fc/ ) ■ .-'.J ■ -jlL.11 

.Ju»jLiJ1 JjLafclJ' 

.} J J J---- 1 ^L-ll ^a JJJX ^^ic. 4jS J-*JJI ^ J<ai».u 











> ^ 2_» L»- V' ^jjl Jiy»J< J>^ 2 jj ' J 4-i- > 

.^y* i-»L*JI olfc-LfcJ'j 4*Jola^LaJI J%> j_ykJ' J<- 

a^K~.H 

» j \*. 1*~.. - VI ^ ^ . ^ ^! ' I 11 * - . ^ i 

. <«dil' 

Jbli jd j*»T) l^jjS ^ <dL*J' oUlaJlj oUldJI 4yV««~i~ 

•jlykVIj ij4»l.d»ll-1 

•yj^ 1 ^ JA“V 

•iJ^jJI «l»l.. »i i»-..-i-» 

■ 4jJ y«JI d U.»_ .VI J 

.'ad. ^jt.d»~.»VI JsLLill ^yl iJjoJI jjJ Jc. yu ijldC JS — 

i,~»i.-fc uj i 

j j'^<S|.V' jfiory 
, 1 jjl 1 I ^ 

-£j jyJ 1 4J!_Lt J 

. I jlc. 4jl jyll ^>jL>d Jl*j ^Ud ijLt JS 

-idUt 4*ii i-1 

.♦ij^ 1 c*j'jd~v 
• 4j j'^1' £ 

.iijijll IjkjTi 


J«dUlt ;y»4Sl' 





















*j jjlji - A 

wmI» Li* 4 j jl^ll ^JllJLi} 4oLkJ' . -.11 j III 4 jLmalt <»LaJI jl J^VI 

j I. -v.*Vi ,U^.*«ii o^l>JL «j.4»»II L* jlc. . j^l»~.'i j4aj oi ji _f ' l -»*»vi ^SL*J' jl» j ^4^. (ijj'^U) 

L«4* «1>^44»)I 1 _ r J Jl^uj JjjJI o'-fci. <(411)' <(iL«JI >o>*>JI 4*1+1 Jklaj . ^y» jM*tl J*j»o jjj. | _ r 4^J) 

JUolV' Juljj oLj'jll J_y» 0*1 j^D' jj» 1 JlA J J 1 _ij}. <oLi j) jl' _>-JO- (kilij jJ 

•~ ’L'J" - - j' j *'-- 1 f‘~ xr ~ , 7 * >aU j j-^ « i aij. (4 » -*» 1 )' JjVjjw (Li jl ^4 <il4. i_o L.J jl .1 .*»! ^j* ^..y.)l 

yjl j£\ JSA- 4 JIWJ «UJI i JU j*k 0JJ0J, . JjjlU 4 *»>jUJI oU^Ull 

• jSo* u! U** >4*11 u*«***’' (jj’jj 'jloi^I^.1 









uyi viu:i 


jL— iiVI 


2UUJI 

3UUJ> SUjljll *-dLjjjkj 

iaJU' Jj'ji'j aJ)_d' I41 ^ii.« «*iiaail' Juj 4 j»..Laal' j iajjjLlJI ^4 ) LiliJI ajjl^ll 

.^ 1 U <i..i LJLt. Lull «^tjJ I|m»»'i jl ^ku 

iaLaJ' ajjl^i' ^ajjC j'l ^ jjV 4 jL* .. a^ia'aalaJ' a-JUl J»Ljj' j^» aJ' L^-i'La «yO ^j 

i^*.LJI ^ .. aJjjJ' .lal.LJ ^La 40 L *y l0ij« jl£ j'j ajjl^i' jli jII jjj. ; > ■ —~ _j‘lj ----" ^r. 4 * 

o'j'^ <^IaJ' ■ ••' l -a. j^j LL 'j L*S aalal' Aj jlyi' j “ j . 4j 4»^«VJI 4iaU' j 1 ■ -*_■ jjjii a-K - k --i 

a^»Ul1 ijui a;..n S^Uji 

• 

o' J ' V-J *■-■"■ Lai . -*■' 1.1 Itl ^LilL 4J}-lU j ■* 4j j'yL' jlj . ,4>aLaJ' oLiaaJL jlajj I -_«) 

LalaJI o' j' ^vi ja aj j'^1' ^lij' jlj.. uDjJj. o' j' y* <Lrt»»'i U UjjJ' oiaijj ^Jl j : -*-'■ L^jLt LU' 

oLL-aJI y+ Jju jl .,.Hay <al*J' 4aj'yU 1 _ r k. 4a ljjJ' JL*a£l jlj Ljk J^iw jj£ j 1 JJuaiY 

o'J 1 ^aV' J ^Ual' jUaV' iJ jjli 1 _ r ali*J' ol.«»l' JLaa) 4j}'yL' #JL* waala- 4*ajjaU' a Lai.-? I iJjjU a^aali**!' 

<>;jj jaail laij ^JVJL' aJjjJ' .Lai.Lit 4aaj^.V*l' i,Lai..11 ijlij jlj 4a»aasl' 4ajL. ia!La Lu. ^yl .~.l.ai»- ^aJI 

yJjLaj j' -LtL «*ii t.«la»aH J)S yl' jl^aJI fjjuf. LtjiaVV ■ ■» ‘.. , l ^.taaa 4aai«kl' oLl..»»!' ^oyu ^a£l 

■ a.al*.a»H -•■'■' ■ - —M 

i AaLaJl jjL^a 

J/*)**~) y~aaj jia^L l + . Lr ^j^aJI (C^. J'yfcVI yA ^i£ oL*L»J' ^paa ^jLI' ajuk 

:^jUI' t jj» ^aJk' 

: 4 ^JL« "| JUa -i 

J>a oLJI oljl^V'j LU' oULJL >mD' V^a-l* g a.^>V i-jli iyju oiaJI 4ijl>l1 

>,«<L»- J^jJ' jiau jkb j ^ya alu V uJU j w 0 l _ T ia_ .#^a‘nJI jli 4** j-a' 1 a^.■».-?! ^Jiaiail yit )jj a <*>.L 

LajiOtL ijmaanll ala>JI ^L..1' jLaj) . L*jLla' yl jai) •*«'j ■■ - 2oaJ n-a' ^al' ^a a .j l.-l 1 

.^Ia JS y* y£y* Jjl J* yaa y <JU' *«.. !' 1 Jo^-'j-ai J^laVI waal^JI »IaA y» Lt>J 

: Sjj'yi' <a*j I jua -u 

-iaLlj iLalila a ^ ,'rt i j La^a . aJ^ji] <alaJI y* ia»'j j aJjjj' o'jl yj'j oLaaa >.«> J J jj 

-U>jjl 

:Jjj'>i' V>aa i -**a-£ 

.4aLaka^ jl ya ^I oljl ya' a.aalaa ajl *1 jjkl J.. .a a a JS—Lj o' jl j^Vl^oiaaiM » .«4 ajj'yL' j^U'j 


kaUlt^oitai 











jjjj i^mJ 1 


jL-iiVt 


• _* j jJLJI j j _r\al£JU mIoIaoj MtjJI ( _ y U. j ji 

^jlS ill jjJI «_laj. *j*LJ' ^11*121 j^LLm» («aI wjl j*j*2l <Jl ojIS I j|j 

<±12 j ^£. «Lu}< iljjJI JoLlj ^yt ill jj J yill iaiilL L* J< - - • a *.‘J"**^ Jaj jj jl J jj («j A I'liiJI 

^ J^>* 1 if* *2 L*J iljjJ' tlAajL*. y£l laaj Jmj jlS <1V^i«JI ^y« ^Lc . 1 i_u a *i_ij jlS 

- JJ» jJ • ^Xt i jJ-iJL L*jlj in ail* i ja-<jyj V <—•j' y-«J' jy u* *2* 0*22 ,jl l*ll» 

trail yJmll -l»j j LILk Jf jj' |«Lu _!». J Jy*l' iii»^ laj aJljJ 1 ^Ic. ijjLil' ^aLSL* ijlcj 

. iaUJ 1 olaaiM iy»».ljl iyilS alj.^a. <^1 j*iai * j m y _j* - 1 ' 1 ‘ w ij-t^l 1 ' < -■» — » 

^±(<^'^-^2' j** 1 3 ). w i^l >«.«!! 4...UI jytljXI 1 _ r *) wt^L »VL l^+l <^«»i <«^ j*l VJU l ju*» -£ 

J^i.1 i**-L ^ i o»Ul y ,>» JL*j 1 

J4—J j-»«lj JSLiu i _ r oi.^li »|2 _»tl)iJI j' jXui s )Jya - A 

■ «_Ajl j liiTt uU»»<~l |«A* 

• ^j - ^ -1' j*L*^ i hb> ^afiiaa y| j -—■!1 j^4_< 

^ijtjxvi y**ji uji^ <jj^«j' . l.j ^ - i 

k_jl J^gall > jlj.> > .ik».2 1 J^ektki ' ^y* ^y» ^jlS <_*i' ^waJ 1 1 *^jyaj ^a.ajLt 

i_jL«t jl vyi4 ±jks y Loll )Uj .~-< k j«yi 

^4 ^ ^ ^ ^ »- 'la j M - ~ jjaIj. ^ ti.-il l 1 -»«^xJVj *- I j * ‘ *• ji ■ -*■ 1 La j t * • - I •*• ■*• ^4» ^ 

l^iLa .. .i»U L<l.»L*y' I juk Ji y jl j !+$<» * -■ - < 1 1 #juk ^yi jjJ .jail ^.i»l»«H *lc.y I 

^21 jjj Jl jlj.. Ul»JI *ju» ,y»^ « .«al>»1' * -f* i ±U j yi 

• <JU ^^fkll ^liulkl I • U.^J' Ou^al <AJ^m ^4 f UsjV^ ^4 ^JU* JU^J ^«Al 

jjl ^ 4 j ^ylj 4 ^ILaI^ k-U* j I<at^ t^kjl|t. M 4 ( • 

Jt«) Jl>-Sn kills yl Jaaj j U l l _y» l i-kJ y-a2* ; . . a« ^y* I4 X H0I 

T--OJM ^ JV 3l^iU j^jkjfJt jyuu Liaj(<*ALUlol£^l 

4^L*J2 *-Lf j jVU«V* ^Ic. jVI ly^* 1 aal 1.1 .li^- J^jJI ^le. *'* i^Xly ^aJ' ■ -*') L»l 

^yl l^L- T* 11 a :.-1 >v jyilil'j a :.-» \ > jjaLiU LaAj 1 ( _ r lc 

^ I I » l^AUjJj Ua^aA) jA^I iiS ^44JI 

1 jLfellt A^lato CiL^UiV Loj^^. ^»rt4 









f Jjjl JUiVI fu**- JU)1 > I.U 1 I --AUL-tl >a*J Jl i>UJ' sJUL' ^jUI 3 -, 

1 4 A.- j^Mjl _,«*-j . <4«L»J* .li' jl^ jVI |«_m_>- J kn'u >*il«AiP 44-4 4 j ■ 44»»11 «U» La j j-J 14 j 4 >.‘ 1.44 
0LL4JI jl 4-1 <4j<l».|l 4 -«IaJ I .-.I ^-..11 ■ fyu jif . 4-4I4J' .-■> I4 III ijjjjl I L?»f •_• j*4L4 ' J-Aj i-^Laj 1 --AUL-’I 

y oLaajJ' ^jV' 3 *^.' LaL^'j. 3 -^' .-AtkAl --1 i< 4^1 i»l 1 

.i^UH .- a^:; i 

• 3UUJI OtJl>jYl 

■«jj«Tn jjIwm 3* o* ji y »JL-* i _ r it jj ■ 143L444 4^s»»') j t f- 31 LkC 

«Ll Jl jjV< ^>Lm 

• l^stcr>44 34 <J^jji 

#1 /V 1 ^-«»l i f 3 * ) <i' VI. 3 * j+Ul' Ijukj: (|»Lail 3 ^jJI ) ^UJ' ^ja' jiV .T 

<i^yu vj| j-ij' ,_>> ^1 j.r...n _y» 34 _ 3 i j-^ji -uU. ,34 ^juj' ^ j-i—4 

jJi jjt Juki* . 4 .»<~. £4 >j'.j 4 . ...Irr.Vj j3J* 3* 3 u ^JL*« : jJ’ 

>*Ai» uJi uD j 4JI413* jjl j^j jlji j'3V' ^4 14 44 il »44 1^44 1^4 t'jUfc'i UjjJl jl 3^' 

#jLJ» < ..i> j ^•»*•--! ^4— j'jj* la7 U. J^.4->’».ll. *~r 

: kail j All • t 

iJjjJI L 44 I 4 . 3 '■~4_J '■--J 4_.4 _..L» — ijjLa^akliV ) _ > 4»1 i» *.Sn .ill Jj4$ J^>J j4 ^JL. 4 I U~.«l ) ^ ^ ‘jj —■*!' 

. I 444 J-' J^L&4 jjj <44jjlij 4-1 jL_ 4U1- . J4 I^JJl3 L 4 ^.rt'.ia I ,«+Ia I 
( 4 JU< 3J>1 3U-J34 iJjjJI jjJUJ j,) 

. 41 j A! 4 _ijL_JI JJ - |t4l yjljaaajl J ~ *'j 

1 1 _ r LL4 ujl jJill ijjjjLiJ 1 jIaII 3 * 

. jjjLiiVI -X» 1 .4. 4 ^ 44 J V, . ^Le. 3 jjli ^ . 41 * . 4 4 1 VI < 44 j^a 1>1 ^»^ 4 uV- 
.yjl^-4»J' ^L»l AiaLai' jjj i'jL— 1 '” 

4 -jj -4H < ai'alia^ OJ 4 C. ■'- ■ -.-'j < 4 L4J' .-A .11 J 4 xi jljjVI 3* | 41 ^M” 

■JlysVI # j J l ■ .14 34 Ll^»l L4C.L4L; L* V-kk' 1 

4444^^11 4 . -1 ; . -M itisS jL». jl >VI JJ44 4 jL» 4. j.4xJ A^jL*}! O*jLuaVI «J-A ilc.' yk 44 L- 4 VL j 

: L»4J>' ^jLj 4 144 Laftal ^ I jj 3 I It--. 

j.4 f . .-Ill ^Ajji 4 Lc I jA KA j' jjV’ ^U. 4 , 44 ) »L&1 jjj ^ 3*1 I _ r i«4 JJkj : JjJ* * JU4 -i 


^-un^icai 














jj ^a 1 jSjXt i J» : iaLJI 4*Jlll iJi*j Jji.rt'AVI Jnl.-iM yt AJjjJ* jjJ j£ .S f»Vi L iU 

! *>* jt£ >4 ^r^- 

jl 4H.-M |»l .>j»~«.-' ji ^jU jc 4a UP 4*lUI »,.*lL»ly <jJ 1 ■ _-»~.«VI j\, „11 jl yi *: JjV* ^>aVl 

;v*S>i— 4 at ^jy US . jl^ jVJ j*y. j* (%yV ^tl«~.i>Vlj iaUI' oUUJl frLiL-^yyLJ' ^*aJ' 

' j. *■**■* ULS ^jLU' ^.VV ^>Ull <LLJ^ yj ^i) J^U ^ Uj^ j>.j> ^ 

li| j£ail (jaj. j*4jlc j' ««xi yiP ■•■!-y ' J i < ^»VI ja ijjjjl LaP J. J---II ^4 * --^La £ljj' 

4.aUM <• jUI <l L i..j .-A —ylj i^»V' .U. jjj' 4U1..P biUj J f 3>Ti jl U.LU .Ljlyk. yilys 

^**JL jyy U*i* V' .H.«|l #jut |» ij»~«.«~i V«lyi»j 4*Li jJI yly ja jjV LUj • 4aUP 4»l.<.li .v-L » 

0 

.yJI.U' ja*)l Uaj y f%HaJ! y* 4_. — 1---P 4*1.1 J“; 1,1 ;^Uj ,j$£j j' Lj^fc <*J. . uJJjJj. jUUlyL' ^jk 

4 ... 1 ■... T I l l ^j| 4 ..■.*'■/ 1 aC j \ Al l. 4 ■ I \ U1 1 .*i i L . tA'.^l l I I .4. ^ 4 4.1*. 1*1 1 [^U J. j.-I .**1 ~1 1 1 j ^4 j. 4*1 

|«Uu j^-4U Jllltlj-jk^aJI IU* • -4 -11 yU a iajl^a j^J <_L• j—a y» yju'lfl < _ r le. .j*-*-H jl^*aV 4 j» iV> 

■ .,■<..11 yU . 4*U- j^U VI Jjuu V* y.>*jV U'_^-4»J' ji yiaJ' ^jLj 

j\^UI y' La * 1 JlU jl s-»* U'>»Lfc' ja jylaiyU yLt ^| 4 »^-yU y*. i,.>. * . 1 1 iaj'ja } -k. 4 , jl ^t . i f Vj 
4*1.1 ya*jJi Uj y uD jw- i < .i. jJ .JMLV,.ij i^.~...i^«j4*iij4i jayVyu . Ul j-UI 4 iaI^.Lc yr.yii 

. 4a UP olaaiPj 4aUH <Iil jl ^Vl ^yk JSLj 

• 3 UVjJi 4 LJU' ^44.Ux. • 

oUJl 4 jI j^JLI • 4aUJI ol jl jjVI. 4*UJl -••! 44 HI S'"''' u*) 

. 2 UU!i ^UkDl 

»Ui| ,>.4>i< UU ! 1 .~il...«yl'j wllJ j ^ U* ij^jjl l|i-»i~‘ > _^J' 4*.li>H fcJUll : 44.UJI •**! “III. .1 .ail 

j/k. ^ oUJ 1 oliiitl ^jl jl. jl La jySllJI jyUj . » 4 ~.»> 1 1 L yl L*;^jJ 'yj»«i 4 * 4 .U«»VIj I.LJI ^jLLJI 

jl>VI _,A4^j 4—1^- uiLU 3 . 44.-.1 ^tLa JJjjJt jaii jjl jjj»j V 4 jL* ^ULj. 4 ,.- k~,41 y 4aU 4>.U v Ui' yt *41 
^ LU S ^-.U. 4 4 1 * - 41 1 >_L)V l 14 1 1 J»jj ^jlS I jlj. 4 j _j y ^U j j 41 34 4 j )^ 4 .4.1 L yuJlj ollall |l 

jL Li UUj 444 ^- 3^*.1 jJ' 4 jj jUl ^yi 4J^j 3 *. .r.j4* I jj. 4-»jk ^L-J^jJI 4 „> 

• . • . , 

4 JJ>44. ^Jl J ' I -4-~.4l lyyli I JU4 tllL. jl J"- 11 L44. 1 44 I 4 JI ■•■I 44 .ll Jyl^j jl j 4---V ^U 4 Lou I oJLa 

4»^j aJUJ' 4j ^4.U ijill Ij^i jliuYI j.L j>ij. (4 j»UJ' jtUUUI ji Ijjl.) <aU)i »*ii 44 ill jjljj jl j j~ ■ -1 
j -*■ - -t 1 4 —j~- • ^ 111 | ji jjl yi '*"■■-■ jlljSj jiUjUll 4 jUJI .-.i 44 ■!' y j -~ - - 4 j^lp 34 ^u 

4jU yly ■•■! 4 4.1' JA44 y I JjjJI ja JJaJ j »^»VI ^*l»i ^jl JL 4 J4l UU j uj L*ULU oWaja 

. 4*j»yUJI i^uVI 4 « LSjl |4J£ ^.LLaj. 4*1.1 ;l j».l i i*.i>'i y 





□ QD 










uuji ijuri 




(>11 I ji) ^LuY* ^l *dkl i j4 ^m 14I > fr.i^il 3 LumJJU ■ LiD 

A U 1 -*-1 ■ Li ^yt ( jl y iSfl ^ <t L*> jl ) J£ A ^oJI ^lLl< « i» > 4 !' yM ..!! jjlaJ' (ytLtal j ..«i 

oJjjtll 4^ll«j Jjl^.'iij ajjLlbl . jl (l^ij»jl iL».Lj' jlS tlj^) ^»LjVI 

. 0 4 ■ J>l H* jU—» J*jj! .^'iW' ,U> <«»|l JSJ ^ - -/■ jJl 

Jiljl>21* ilM! SU2-S1 A I LJO 

iUil y> U4c jL4i-* V* 1 ^ (jUV 1 V 1 J 1 ) i>-l' Jji M ^ 

SjuLaJI jlalYI 1 tV 4 -.--Vlj~l--.yi jlftal» i>jy J*.' yM •■ j4Jk.uU. (4fL>«-| -i j + t . jjt 

J>4 J|J » <* ^ «■; j k-aAJJ <~AJ' ) 4 AJjJU ji*j J ( la ja*>JI ) ^jil 1 >*j' Jfcl^SU Liij JU**j ( 4*ijHI j*) 

«.j) jj 1 _jjl 4 jALT ) 4jlj yu ^SL»jj( ) j ( a 4 jL» j i Jl V-fc *41 4itij»ll jLa~»YI ■ •' 4»'-H ^yt 144.1 

.4. J»m* <Jjw jj» yl DJ ij ( 4 tf** *-y-*j ijZ* JIVaj I 4 J 441~.a>t * jLk—S ' 1 fcrf 4«1.«1* > I 44 IJ^a jl >YI 
tjy j*JjVl ^)jj i.i Itl ^jjuu 4 1 ^+t^i^} L4 o* jffeJI fjdkjy* Lula- w ,- < t* t l (i.^n.^LII ) jLL.^a j> ;LLV * juk 
ijJjCut * jy*A 1 J^b 4 _.Lt tLwj. ^ k ’if « t * ,>» gCiY t JjL.j *jiJij <a S JLm ^ » LUyiJi j 4 Jjjjt 

t^i/ U l^*i 

^Uoill oLjjJJtl ) iijuD UjUll jLuY* JjL-j j yt • jj. JijM JH* j4 4 «CIt’ 4 I*^|4> - i 

.(oUUk *i ji>i'l) ^p«L«fe]! 4 LL-iJ' UU ^Jl (^UJI 

i J %*• Ja 3 ji jV 1 4^»«.^». - i_j 

*yt £^-ja)l j'l > JalSJL «jl jV* ^L^«j ^Ijtll ^^«L»JI a^L» 11 l a_4 ojLklll ^Mj'JI £a 4 A LI Li JjoJI 'laLal^l . * 
4U»iJI M oL»jjJI »l jl Jjitj 4I J^jjjl Jja£ ^1 >1 I _ r * fc*.jiJI jl . ^j^LaJ* » ILill 0 '^.jJ 1 ye »*lj 

^ kjljyi WjlaaV ^Lc^a jjka i _ r Lt #jl jVI wjL. 1 J j JLK •* >^l ^4 #jljV*j <^ C 11U UjjJ* J*Lu*-l .T 

( jjl. .iajkiJ' • ^I^«l . . 1 I 44 I* j«_<l jll* .44 Jl*JI • L*J j • .^H —i ) ^LiJI 4 LaaaJ' 

• ''‘'J; ■"■* 2 jljlj * * 1 -~‘ J 4 ImJU 4 lt->4lt ^1 - —tl - j» 

0 

ililUfcaj « Jkfljj /ilUfcaj « >jiaJI 2jljlj »ImjI Jlai <Jj_kU a^^Lia Lj^iii pU jjiU * ^4j 

>^JI. .jj*i*llj ^Ja«d!l <_4 j *44*1 j vjj -*-l 1 iLa 

UjI^j. j-ai»ll jjli ijljl Ujoll jjJ Vfcl y ( ^ojlJ' . iai LA) 4 ■■ ->•» .. ->•» . M J)l jiljJlj 

4 < 4 !' A jli. ujj^Jlj jL*jV' 4 jl a f > jALa4 jjju -1; - ’ 1 Jjt JJjjJI JjaaTi i. ^ ijai . jjjJ* 1 J-4 iK .« «jL&I (j«<»)I 
jjjJl * i*4f ^LaJi fLLiJi ^1^4.’ (AMIi ^Ul 4‘n<il *a jXJ 1 oL-l^~Ji ^_«jj SJjjJI Jj ^lt . ^«L*JI 4LU^l! 

• Oiljj Oaaij 












43 jjd' _j jj j 4*1*31 4Jl*3 I 




j-**- ^1)3 *>* J j.« M 1 _ r l^ ^l*‘a VI ,yi j -'■ --~ jjl 4JjjJ' ^jkj J< • I 4 I 0 * JjlxM j *J£ Jjjiii’m' j^^it ja. 
£^L*3I jjjj .*ili*.»“n»l I ^.ir, -Ji ^44 • 4*I~«i»i» VI^m' _k*.\j 4 IjjJ' l j >--U jL* .. .<11 ilj > I 4 J 4U<11 <-uL»Jl i*il</iyjl 
jjjAliJ' jy» la'jjl - -~~ u4 . i.n.all ■ ~.l ■* . — II j _,jU~l 4 .aI*»M »W* jjj j ~ .1 -^ *-'■ -II «.»\fc *_»j< — " 

■ ^yU ^ j£j*l4aXlj »' ^4*11 ailila| |»jl*j j ' 1 .aP 

1 jil^'iVl jiinYi jiib»*i . T 

^Ja ) ...V. ji 4JjjJ' jjj jlj . j' yiV' i^iy»..< y* .fjl ..V.4VI .UL*.iM j' ,jy43l I Jl* <y ju y* ojL»JI y3l j>l£ 
all j . 4L*l£ ,y» j 1 ^ - -~~-*^ 1 ft^LLUj jI yiV' |*>m ,j£J 4>..lUl 4 ^jUIj 4*tjjI*J' * LajVI ) >_ij^LJi j-t*y 

J«£ j4y> -> j»- j ^ ■«'■ ) 4UU.il )jjj£ ■■.y<-‘. J ^]l oj »lili1 4jj\. a'.^I I'Ailil jd l--■ IX If/*) 4 jL» 

fl41j' cr"“ it*} ) 4K.U j . ( J**3i ,y*) 4Jk. jjlij J**J’ >- 4 ^ 

J*aJ' 43jjJI i |i!j' . . i j'l ^le. ^y 1 ^ * ' ••-' ji •■ ( y»y*M jt » . .L U3 I ijLj jy. »jlj jL***VI yi 

^4juj 43jjjl >~.»»«^l ._iy»< • jU—V 1 - .yi ;' jt.i.VI ;ai j- »l. Ui>,:n Jj**» jj~-■ -■ 

J4 i*P ^jjk. . 1 U~.jj , 4 ^jI 1 a~, 4Y1 X^Iiil 4 yiy jl jt «ijVjkM j^Xkll j .^‘.tVl Ual«^*?l 

jIm.' 1 <4» 'y* _y* 4y3*yM 4L**J1 jl^4 ~i ..l j J**3l j-^yi jl^iiVI yj jL*iu-V —»jy* y ^*jli3l 41 jjJ' ^jj» 

• XtjI 1 ti iiV' ..Ij.-H Ua j< aJU i jy j - joy4*1' 

1 jjjyJi 43iq< jjipti . r 

jl jS~.--VI 4ii.li« ( y» XjtUuVIj CiUJI r»l»A>»llj ^1-1' 43 jjJI jjj ^ 1 At~i4j V 

.ily»VI j(y ^^43* J»jJ1 fyjy ^yi 431 j*JI y* jy jit j < 4 > ',l U^i 4J^jJI I Jf < ^jI .o'AVI 

Ow Ju '^ 1 s-<yS atl—JS-V j>U«<>X* yjji ^yi yyilu'l ,ja aUi >4»Uj 

«.ai oi>J' ,yl jj g jyj' ^ <31 jjkjI ,j|J»..JL»J' ^jV* l*4l43L ^,-U-^VI Jj.-.l^.Uli 

* J * *‘*4i ^ jyjl^yl . Ja«j V jy»£ Jam jy» j-Jj■ >aX3I 4-I*c. aj) jlliVI ^yil (•la^y 1 

jjUi y . ..-J 1 y *UjV 3 j ■ . .».»! j j*aiiii <jj-ii ,yi jl*.! jLiu v ■*..» ! j. y*j ju 3 «iyii ^ * » . i 

.^L»VI ,^31 4S »j»j ,y» r U-yi ^yi j^jyV ,yj). jA all j yt jyjJ 1 y 

I 3> l^*K I • 

: <a JbLa 1 ^«aI • Uiij ^jLt j iaa. U jVI UiU. ^ H * ■. y' >1*VI »IU*.11 ^yu 

1 ^yl ^IajV 1 J>iL«j 4,*CiI 4 -mmJJLj ■ Vji 

yu tj jJ'y^V 1 jl j'y»V 4^0L» 4SjL*A l 4 ~. 11 .Ma. jjjSij I 4 J yin JjU.j3 1 404 .’ 4iaL*JI * Xtt I j^..j 

i.LaS ysi (%* (^aL»JI ^LL»43I )jI yiV' jL jCt« j*. jliiV' JIL-jJ 4ijjJ< .1 ».ll J<L4XI y» 

^JLa Syl^jJ' y ji »i jJ' yV3 4 Jjjj»il « I jjlyl JU»VI J^- — ,l 4ja43l 4*1*3' > 4 ~»l....juj 41 jjJ' y 

JXX « ■» ' . a 11 









uuji ijuri 


jL—IJVI 


1 ^ Vl "■>-* ‘V 1 j.: k j~* j** ^)- Ax jj-"** * 

I 4 I 4 JI tlAjtgjJI ytimi y0 4 » i> Vj i^Slgll 4 -m 1.4-»1 I ^14. diLa^jJ'^ ^l..ll y*y jj-JI ^U»j 

y < Ui .. M ■ . > > 1 - < ^>.tj» ~ ...lj UjjJi >»j. _>»' je^l* jc «^L«jiJl «jl* ^yi j* jjVy {ja) . Ll y LiS 

J4A jl 

SU^U^Vlj <3l4l*H >l»L»JL»tJi t y& j^aJt ^llkj j|<ai • 

3L*IaI 1 ul« >^t j£ j^nJl wU»i I 

: iytJI ylfw^U 44 UJ' oLajjJ 1 J:*y j* j>~J' ).rtij 

. l*> jt jy «..4 jlaj jl >vi Jmu yS j £** J I 4 - Jjfejg V . ' 

. ly.^K'i j44»^ jjJI y* « *.> »«ll «_JVU .T 
. L^LLoj ^4»«'i a*.' aSjLAj V 

. ciyy iy« >jU-...V) ^yt jj^»V ^1< 4 X4) V .t 
> »yjt. j* o yty yA <iKj y jj jj iy«»>i j~.._vi 4X4,1 • 0 
jjiyi* j* l* ^jmji j j^ ^ 44 }) y ._>y—• >»~...L 4 j^jji j»_u jlj V-* >ajjJj 

Ajf.U'4f>V< ^jUjl»vJ* j^ ~4f4«Jl jj — t_j 

( I 41 fLiJ 1 jl >VI ,J£ jlS-iL 4ji ¥1 . I 41 y\ j £»'.» ■>>» J (44. J )i-Ua. "iLa 

j-» Oj V .. |»LLkAj Ji»lj JjjJ' ,y» <jlj * I - - ~y <a>) wl.^j V J^uJI J g -«~u ' ji-4j 

. 44 I 4 J 1 <yui jl>m jj 1 ju*j . u -~'«m 1 jVj jjfyiA y i 1 y> i^uuyj <4 Lji ol*jl»j' ^jls «j^j 

. Ul,V.tl ^4 4tj it I JJ * • 

. i^LaJl iyVll ^U.' 1 ^JUJLj ^ -'■ — 1 1 ^1 iJjjJl j^j ^L.V» ^4 4 ^ 1 --.—Vij 4 -I-" c<L>jLaJI • .~- 'K 1 jl 

• iJjjJI I 4 j* y}\ J ^».V' 4 J ' 1 . V.«V' vjVLj»i' aJLJj k-4 ,,.^U» ^4 jjij jL4il 

- _ r 44J.Li i-«Ujl i ^ l . ^l 1 «jSi y* 4 J^jJI J*ju JIS-V 4jlSJ j ...4~.M jl L» ^ l»4 jjS^ jl j^Jj 

• e-'y 

I JjVLfcJl J-1A (%*> UA JjUIij • 

■ 2U£.L4a»V*j 4L4l*J> ^jLkU*yi frLb^ll . \ 

I 4 S . oLJI wUjbiJ 1 j ^>44 i jLt^ . I «*u>VI j oLJI oL».L»JI f L^iJ ^ iJjjJI J)0 y[ U i^-»* 

^Ul^Vi «iil>>L»J! ^Lm| jl iJ^-iJi jjSw jl jjj j liill j4 jjj < vijL>- L»-J' ^Lm| j* j^lil] J»i7 « 








i-’jjJ' ;>J, iJU! 




( J«lll * jslll ) J^A <«JL>JI j< • j» {jA 1^'n.P 


«4j)l g-iin J^J-1 •*•;» • ^ja ^UUJ' (* _ ....i * » jLw 

( 3bjL«l»>L»> . \ 

. • 1*'.*'---V< f \ i Jul * 

• £jA jl«j * 

(jL> )’l LlL*»' . Li. > .ILlij j;»H kb«JL»JI JU* ” 

i . T 

AiUa- SL.Ui-i 

• L* * ^jUJ jl >S’l i ^ » -«l ~ 

• l*J 1 ^ -VI ^4 ^14 |jLu V 

. kji>l ii»| .Li I ■ V >»»>' Jb* ~ 

(jl. 

j M»iatl i jul 3 l*Ia — u 

• j^»V' jLu — 

. ^| .Li 1 ■ -^‘; V |>>»|I AA ~ 

• ( <-*>L»- j 4 j j~~»- aa ) JL» 

.T 

■ ^ J > U J-*^ > ~ 
, J^iLJ .Lt i., JUm OjLJ 1 aa ~ 


• »j}\ J*LL jS-aj ¥j ■*>** WJ “ 

( LL 1 ) c^L'.M ) JL - 



QD 







jjj, uyi <juri 


jL— iiVI 


4JJjjl Jjjj WL*LaJ I 3 lJUI 


£jtjJl J ^^«Tl 


ijjjjl ■ jU-kiV' fit 01 UJI 4*JUI JU 

ij* oiij <t*£f • i^tl^ijkV'j IoIaJI oL»jl»JI (»_»toi 

^•LtJI 4^mi IjLtj , • **j <_aL» j 4^»l>jl kljl jl_*?' ii J» 

1 Jl* ^Uajj . iLjJ' > _ r * SJjjJI jjjJ J-11 ■ --~.<iV' j ; --^'.'l jt 

■ 4i^*i»*i l l ** - ‘—' -II ^JL-Vlj , jjjJ 1 


JjjJI **>< vJUI 4^*>l j 

~<jy- ^jju yAf ; ( jj-aJI *1 —'-* 1 ) jJ' il --'.'»MI »AL.;. 

■ -ll~ll J jUuV jlilU) • jtuVI JiLa^l )j£U* 

V) tlA»L»JI » ■»» ■ * L-lV j^—J 1 ^Aj V Jl^fc VI *04 ^4i . 

l>~.»-Vlj ioUJI >-.*o<»|l ^ Jji SJjjJI t _J*.ji yk jy 

jjj •>$>■>! «JS >oi]jyj . L* j+*y jt J 1 )»»> > _^J' 

. J^JI JU .yi ioUJi 4JU11 JUo, <I,oJU 

^1 ^V» ^oL-JiiVi r Uki]L oi.b ,^11 JjoJi Jt lJ 
#jpj'j jLjyi jiL-j • >»n <ai« i 

/ ■-•» » »i> jL*—V' y i ,yjl ^ iljoJlj . 

ol*) 1 wLyL*Jl £LiL[ <!jjJ' jyi jj--’ 1 JJ * J- 1 ■-*■'.• 

• JC*y IkjJJ j£ I jf-*-* 


JiijubVi 

4Lua>ljJ Sbk^j Jjk bJUtll g l Mi l 

I Jl ul£ Ijjli Jmu)! IJL 4 J 

■ •.[«.l«.ll jt. »joil.•.!«-!«.ll . I 

• <4<.L*la>VI ^ 1 jLkL»JI j 4U*L>JI 

O 4 - J^*^' J )• ■ ** * ;■■*. ■ • * 
. «~.».VIJ <oLajl oL»JL»JI 

u^n iiVUI oVUJU CJ -ie .T 
. ^oL^jVI J.LUJI y <I>jJI »j 


. Uj>4j > 


I (•)♦*> Jooy . t 


• <oUJI oLukiji ~j 4 -- jjjy .0 
• ioUJI ■•■! io'.H oly^jy 1 0-0 .A 

• ^J-^ 1 Jw >♦*# * v 

ioUJIj ^oLi* J JLMy .A 

• *—Ij--I' #«U£ *'-i 

. 4J 1 JyJ 1 - JI - - JJLikj A 

, ol*J' ii jl^ll fy+dLA jjjy . I * 
4>LJI ijjl^i' i<)L !juo Jjy . M 

<*»- ^ '-LiOJ I <4»- ^ 

jjl^j I tMi Jxl ^jJI j^ Li~ » | l Jy*; . 1 ^ 

• «-y.i»»|l 4 olojl iojljJLI 


GDI 


stfUSn 


J*>* 1 













i ijjVl uljLall j4 SjluA JUI .laf i - Y 

. JLiil' Ji. jJI JjlXa jj—J* ( _ r » l^.U jlu ^1)1 tliLaOsJI J ^I..H j 1 -L^> 1 

. 2 tiil»ljJI ^L^t| i.<iii >^liajJI)gL«l' jUjYI — «_j 

. j5LJ< jPI bUYI jJ jUiVI - £ 

• OWUJ^ - r 

• J*.jjlj ^jlaU 1 Ji-jJI — 1 

2^' ~ V 

• cV«J* i<tU' J>*‘ j “ 


:~uf 








t taF Ll Uui 4jL**Y' *>jJt JljJfcJI Jy_». j- > 

S Si L-aVi JLLLJ1 Jk JOVJ ^ssi V - 

. ^>in Ji>jjt -t 

. gsLJ* — v 

. J »t - —*^VI y*U' — » 

• gisiyi — J 

.t> wr*** 1 ' e-Lil !i ‘jw J 5- -* ” 

. uuai <^ij' - \ 

. j j 1 j*. j .Ln.yn “ «y 

. oJX+L.?' i-yi - J 

• ji «n i .y * - j* ” j 

•••- jLiiyi jLiiV' J-Sy - 

. oJV^V' -1 

• — y 

. oUjLaJlj «' ■ -H £ 

. jU^vij^y^yi - j 

.y >ibj' J^jJI ygy J 1 Jl*y ~ 

■ jU-Yl ^y..« ^yu y* 
4jjU£—VI I _ r lt j 

. aJ5gi-V k _ r Lt Jiill - j 











yyl' >jjl 


jLoliYi 


jUSL-VI ) JijjZJ*. wJU*Jl j 

UJV 4 I 0 Y* Jij < iy*\y ololoJ 1 1 ■ — a ; oLiJoJ'j t _ r J^ JloiYI w I JJ b^LKiVI . \ 

. fit j> 

# 1 ^ j <jj^ijl 11P ii ^Loll ^L~ JUiVI 4j i: ^LjJI 1 

( ... .~il»~.ilI 

— fjli'.M ) 4/ol» l*JI £lol[ t.^aai iolaH .-■lUl.-ll Jloy At !■<>«_> : ^LaJ 1 V4~...V' — wj 

( «J' .. 4*.*>l 


• I jJ, 4 yf^t 4.1.Jt flj oU jj . ■■IV 4 -...V1 ^Li iK.*.. ..IVy.-VI 4*1* : iULfc 4lk»- }U 

} >iA. . 4’iHj 4 Jif yL^Vj • JUJ1 1*5 V4». ■ l .oif fJ j4) #) **11 j4 ^4 i : Jl*4 

• 4^ J j 4 4J (U jj i jl 

.. t.<M^'...VI »l..l' i _ r k. Jj.ooll Jojw ^oN . yty]' 1 J4 • _y*JI yt .11 My.. VI j'l J^. LcA LJ ^ Mt'lj 

. jL»- jVI .. 4^1c. j l l oj yyii^ Jo yyi L> L»i j 

jlijVI > y£- tJI. • jYI j 


jUoY« .T 

. AtS V 4 ..-VI Jilj |*J ■ J*«*H j<* • y- JioS 4_i«l.. ifl«f ^4 

. aJ*«l-Yt - ^>iJ 1 Ji.aH » jli-jYI Jil 

jUH-Y» .T 

£01*11 oooj yjl iiLoYI J . UjUH killjliH > oU< ijji 4 j»LoV' j *\ Ja JUYI At o-*Sf } 

( jJt _JL1' oW' ) Jl* i^lLY' 2jjoll ijLj Ja jC 4 1 ^il' a-ILo—IJ j-oY' J* 

<41 ■ --» >J <^» >>) Aoaj Jj . AjS V 4 ' • -1 i’ll* lij . 1. - »lijY <> Llll 2 .. LjYI Ajjji Jol£ * .■»---_■ V £ol*ll jl ^ 

■ £ » ' ■ » » i' y oL«oiji y y,.ii r n>[ ^-ig^ jyjuii jlii jjj*! 1 ^. cybn jU' j 

Jo. ttl J~“ j*J< '•■* • 

4 fljj . lo flo J Vo. , U .. y . U ^y* Jo J Jy AjfjJl < y J y» JS aJo Jot Li Aj . l . oij : J*jJ1 i U. . y. « 

4JVJI aJjUL 

1 I I M v .1 II ail li M 


alt f Ul „4 AjjoU yy}\ Ji.aH 
^UJI oU j y iJjoJl *j 4 jb— j jo 


J" Ji.jJ' ,la«.y«4 


jioi' il»..y.« 4 I j ^4 ji y v 1 jjo <...i'L ^yji j*oH jijii jij lots jjj * 


04|j4Ut II If \ c 









^*> 4)1 £jUJl SLkjjka ,\ 

J* *8j'l La (^UU ) <j\j <+Jy al jS-»j . ^LjYI ^Afc —4 yaiJ' ,jo Oi V4 jjLJI ^^4. *4yuU 

. ( iyjU.! ^Cj 4yjU! al.wli r LoVI Jauw y jij . 4 yaa 4yiaj 8 J Vo al— ^yk jl. a'.tV 1 

fj^U 1 oV J>4J' O^V >•»* ,»>ayj • ■i , * l ^' < jLiily oIajj-H* J*-"' : JLU 

£lli| <4 jAJk Lj/l I ij _} . till ^jA ' -k£ *w^ La £oy lyiUJI fjj-UL 1 j'j < ■ I —« ^JA I JS 4.4(i La ^ «L JjV' 

'. jjj y a <...«>.. ■ .1—.11 ^4 a ji ^ all] j ^ <_^a^JI J. JaO ^Lu 1 . J.ula jjSkj V 4jlil • Lao 

jl^)jVL I_» ^kj La ^4) ) kill JIJ ■ -1' j4j ^jliJI ^^lUI jlil ja L^a ajLitlj 8 ^aj • JjV' *.al1 Lalijl 4jLaa£.L 8 ya 

( 

8a.8 l Li yA~~ U Lajtj ^yayaJI jl.. V .4VJ (yalliVl fL^-VI joaj jl y a.ia . ^...l ^ ll jly>jVl ^lao .,.i » »~il j - 

. -»uai s UiVi w / 441—11 

J Vo Jaoa jliaa 'A I ^ «iilfc j^. L all .joLuV' f L^-aY' fr^aoa y*ay ^ jjl ) ^yajiM jjLJ 1 p&AA j+Uy li4j - 

( 8>U1 ) <1*aa 8p 

fjjJJLi la* «a f ai U >L jLa^Vl ,>u* 4aU . jSUI ^ oltjj-lll aoY ^lUYI r L*—V' ^Lii jl[ 

( 44Loll 8 . .il l ^1 ) l 4 --.: ; JJ] 8.1-1 1 S_^8 

JLftj^i JLu^iSfi aiajjia .T 

^4*J ykfAjI JojJI yoaj (*'■:* jlliVI yoLia ^U. <AAjyt |‘.» ^yk s yt}i}y Jo oil ■ •!—■»■ LajyaJI 404 r-~~4 ' 
j^oV 1 _yo J JoaJI J^o J ,,^4 JyajJI 404 JfiaTij . ^o LjYl .lal.Lill yi i'.a4i.. ^8ll 8at~.-»LI jlliV’l ^oLo J)*J 

g^jJlj ojlyaJ'^ r L jV 1 yi Joao 8 tf <U I J^oJj OililSLlIj >iiLjjII j 


. 8HL..II oLLc.1 ycl aoYI «iiLLcYI ^po aLliYI y ^lo—VL .Lay y V ^jjl ^joVI ■•■M .-k»'-ll -l 

8*JLa-' jJ\f 8jlmiallj i T «.«C]l -kyt 

«!•• • ■< I I ^1 >45 .4j 4I/LLI L44 ^^4.1 i^ytAf ( 5*1* Jjia ) J>-*^ 4*>WI 4»' £yj 04 ! Jlo4 

• > _ r a>i)' Jo oil yLo ^ Jo Jy V oUjJj »LJVI ^ (al*— | <*& ^'.iy ,aJ jl jyVI IJuk^j&Jf • J00J' J»o *yiS jJI 

^> 4)1 juiyi 3 Lij>» .r 

■~‘l*||l'j olo 4I y»VI Jrfi i yk a ti i> 11 y L^alojl ^yjl OlU' 44 LS ■. li ..'ifc I ( _ r ic 4oy^J*|l 404 J a «a~) 

. ( LL« 8 J U. ) 8aya«a 8 jol J Vo jl .a'liV' yl 4 aa.il I kijLaoaJI J ^l..|l a' yU 80 La] I j i^oloJI 

jl .a’iyi l _ r 4 jLaV.^VI j ol Vy*t..y 8 if»<a 8 yl J Vo ^OI 1 La f^aaao ) <iL ,ya^a)l ^LaiV' *-8y>ai jLuj 

. 8 i j aa 8ylaJ 8 ^84 J Vo til) ^a^iJI 


J*>* kJfyW 


*AtAt>^» i»a> 





^jill >jjl 


jL-iiVl 


JikjJt • 

JjLaa «-*— J5L» 1 jly»'l »^ a » < l *i..~XII J j>. jJ 1 t^tju ) <jL <4<^j jIaj 

“ : La* jatji ( ^ajall Ja jJ' ) ^ ■ -aii j 4 ^aLLVI a Jaa P 

C liiVI Ja'jt ail jt ^ya » . " • » 1 1 jljjl J..^XJ' jjiaJ* ^ i.ai.) : jjlUJI ^ajiT J»jJI 4 I 

4 * ■-- LJLc. A if** 4+ia j « J5La 4yvUiVi 4+UaP ^ jLLa JaLaa 

JkJ 1 J.Laa y* oUajJ^J y a-aAvi 1 jl jA 1 4ylc Jaa La jl jia JUa yaj : ^4^.4^! ' t _ r ajiJI Ja jJI . Y 

Ji-jJ' ja>Uiu' yaj jLa»-V' frlaijli* • jLa—V 1 _yA ^aaaAPj ^jaXJI JajJ' Jjj JajJ 1 ' * j**S • S >4all 

. gj» A ^ j-^al 1 j ^ a.AAll 

j jaI JjAJ J»jj La£ . 4a» UlY' ialaaJ 1 y j 4 .aL.-tl jjKjLa]' JjAjJI yA yajaJ' JajJ' y» « ..-»j La jl 

. iaLjjalP i~ilf j4.il! iyaliiVI a : I 4 .. ! I | y| iaJ»Lal! L ^-14- I_>j V) jl yiV' I 44 L J ■ -- •» j 

« il. 4 % j<.La JLj*i V ^ILJLj • Ifujb |w Lalail t’llaia Jjlaa i.~ 4 »i.J k^LjlXa ^a : 4ili^a.II 4 ~ 1 Lfjj.ilI 
1*3 ( vJ jLaa ~ Vf.ilya ~ |»>— ) ) i;|A y» j!y»VI ya aJjjJI jV A ~ i oU.jitJLa .'.f«..j . y»jiJI JajJ' 

. ( oLy^l - 0 L 4 JI - UUaJI M*\ - <^UXaVI oLLtV' ) JL* vf>^ J>- .> <*♦> 

I y*>ill J»jJl ijly • 

4 iyvLiVI 4jaaP y L 44 (4*1..'> jjJ 1 LfiLa j_a JjLaa yAjV 1 ^aL* 4 J 4 . J ■ -» — j ^ jjl jjLaJ 1 : a^_JI . 1 

OalS 1*4* »• jV> 4a>vlj y»j . <J L ..... I jl 4a'jjaXaal JaLia JUI y.lj - T .a l.al v* jy La J£ 1 _ r A : i til all 4 V 
Jta . <4 jaL ijl n » jl ( Jill j»l; ) J Ja i .al I Jjy J.J ja Jla a'm VI jl J M a i aYl I jl 4 l ap i 

( 4 tlljaaJ' yl Jl jaSr I jlaV. 4 .1 Ja I 4 .L Ja»j l> yll i JkiLatI ) 

La 4 j 1 _/• . JaaJI vaLal <a_LA jl 4j ^ jaj Jaf. JiLaa JalaJI 4ak. J-aaaaj y jj' JajJ' j* : ya-S’l J 

jl > »lai' jl V4jlj ^.i4j jjj 4aA LaiV' 2 J.atl y 4X5 j I --4J 4~.a aL ..a JjLaa J J •-J I JalaJI Ijjl^ J. --4 -rn j 

. 4+aLa 

■ 4yvUiVI jjlaall y a~.< jL ■- 4 j 444 Al«aa J.Laa JaLai.' giai ^aJI aljlSXI : «j^JI 4 1 

jijl jjJa • 

: J_Ja .ii jll ^l,i i » j . . L ^y.jaJ' J»jJl ^Li 

^yajall J^jLJI 4 aj jXa . I 
jajjHa.^.VH^U .T 
^yajiJI jLiiVI Uj> .T 
(*4*- JS vA vil>aiL. VfJUall J fi 'jA jVI j 


rOaT' 






EE3C 


^>ii» >u)i 


3 K ju ^ y ') 





jl>V» oUU ^jL«3V1 J»LUJI 

U jL ^ (%4.' i>-llil ij jLJ' jjiyli 

JaUu)! w >L jt kill j ■ i^U^Lu) ^ja j*'y~* yA 

■ 2***^ ■>***“ ^' kJI 

..lln^i ^,-j^l 1 ji.ji'iiVI J»«l ^fall jU will j uj 

^ajaH £&yi ■,-!«■ i^*»L».VI ^»y»lall ja Jiai *uuy» 

J*.jj' wfO^ 1 (* ><** «~#l*. 

. juyi j jUv-...y 3 ;Uj^ , ^ 54^1 j 





aij 


ckiJLftVt 

4 >a*ji Iji^i ^y* ■—*1 IU1 i » ■ --»_■ 

• ji IJjli J-aill IU*] 

~ ^>11 1 Ji-oll ) <ja JS wJ»_^aj . \ 

Ji-kJl - ^>111 Ji.ol1 

^Ayii\ gjLJI — ^ aei»li ^>11’ 

- wjy^vi - ^^iii juiyi - 

. ( jUSi-VI - jUjV 

jL mull i;L*aJ! y <jij Jxu .T 

Ja> jJI jV ^aUsJI jJL 1 /-*!' ) 

. ( yu< j^Sj jjiii’ 

. ^ayiJ' j»jJ! Jjly« JJ»j .T 

.^,il1 .1 

jL muii sjLuji <».« jjut j j»j .o 

jiLiu' 4»jJI }A JijJ’ ) 

• ( wjJ ^ 1 {J^ 

3 j\ _ioVI Jy Jyu . 1 

jU muii ijUiL j^aiii j-k m . v 
LL»1 ^Uj JjjJ' j j-. —- j 

. ( Jlill ■l»..j' i« » 




j*>* 














jyi 


jL-iiVt 



. gyJt»Ji J*, jS'*£»( X ) 2UMc /»(✓) 3U^lc^.\ 

. o' jjV’j oYY' y» <«U\ »'■« JU* ^ i j -1 

. r l jjJLI *#U 1^^-. JUI JU# - v 

. LuV' <±L*Jkl I ^yl ^iLauVI ^mXuiJ I yM j 

• <a^JI l+I&lj L%j'J * j .«> if 4-a^LaJ' Jl*u " J 

• UJJ uj^ - Y 

. Jll' j *« . I> U1 I jAjLui 1 

• Jj'-^' JU' 4^.1 Ji ^UJI JUI ^lj - v 

1 2 uJL27 1 uljUall y« !jLi£ JS aJI^mj jJi JjLuJVi »"■-» --■»* 1 ji ulSi -T 

• ^iL«.l».|lj^LaJI vUij y» r l^VL, gjiLUl Jl» ^Jl I • 14 # ^iU. — 1 

. 4-ul*. j$j jLuyi 1 >jjv 4 jil' aj'jA' JS “ v 

1 ... 3l*3jJIl gjLLJi L* - t 

. i.-.un ^J» J5U1-VI -1 
• C**UJI JUI j*'; uJ y 

1 ^jb u* jsj (-»- -»• —«—» — ♦) iji>yi J>*» s.h'j %-u .0 

: ^j 11 . --.~.«Vi iokliJI y» J«Jl jioif JX*j iyV' ^>«IU)I y j'l ( ') 

• Ayiy * i y^M^ii y ™ 1 

• ^Lit<. i^>L)l — w 

• l^illl JjI^mJI )iL^ ~£ 

• > .al ^ CJj aLaI ” J 

: JUI J.1 l^jL-ai u**i-l JU# AyiVl j—LUJI y. J ( T ) 

. UaN>i yuvi j-uJI .l^iil -1 
• ^UiYl i jL j y *JY' kiiLUUl y * >l^~...vi — y 
. L»jljX) t»» 1 ' 0YY1 SJY' |»_Lt ^ 

. jUiYi U) a#jI.^~« jVl 4jUU' i jl#j j 


.-•s-uf Jy»iOh 







ijyi j »f 




«il] j juu I 40 0 W 1 ) o'^jS/' l _^u ^ -—- Vy jL • j-lL*ll jfL jtiiY I J)j^- y>) t^ij jlI* jL-iyi 

«IiYY' j »lil jjS'I JSLl jUiYl j.a l if ^Ja JU' • jl£j) . ^a£"l 2«laSL ^liiY' jajw Lai gUiYI 

• C tiVI ^ jL—jY' \4a >»»i.«> ^iJI 

1 jilt • 

— S yt jliiyi alit {jA ^aiai Jill ^a"'J (* j i«a ~ i (J^Laj 

4iil l\ 1 rt» lijj j) jjJ • ^laiyi )jij£ till <A 1 fcm*fc.I jlai ^jjl tikilall JUI ' J • l 
J^aVl LLa. k^ilt Jllu) . oLLjyij a -1.11 .-■' ^;4-~'-ll j J«*]l ijljjlj >l>VSfl : Jill ^j Haa" 1 Jij < 

. ^»tuyt 

l^l^i ^y» J^yi 4JSLI lajaj . 1 ia. j gUiVl i-Lfct ^ ijLfc.1 J S/i ^ Jjal —j jjl jaj : jy Jill JUI ^ J • ▼ 

^."1 j) iii**.i jiUj^ . j^ijj'^au f ..j.?ij iyyyi jiy vxj' . i^i* i»»*jii a.i.-n >«vi 

• (jjMJUi 

,y» jJM^'x-VI Ja • jj>u <4<»«i»'i)l )Aj ) jl*. jVI i _ r ic JUI ^-i j jLaiaj i‘.^a : jL-iYI *ai.a j.jii’ . I 

2 j • ■< 2 jji LjjJu la tala Jnj.y ^1 jli-jY' I 4 I 1 ; ai .‘.j» Ji JjjJI a—IT. j ( ^i«l»JI .~-2y 

■ l »al i l l J^iJI j .lt iaJLt Jli' J* j«S ylill) jliiV' 

I LaA 4~»*.yi ji JyC.fl] OilaJI JUI j jia jjCu .*..» • iojjao tf tiij fAJ Jij : J.’V-4II JjL» . ^ 

LjL. 4 S 5 UI ^41 ^ jfc E Uiyi ^ JUI J r l Jia^-I Jl ! ^jUI j]* 4 i-YI - \ 

. a I L-i~..-VI # ^£] lauiij ja^ll jj^aj jSliJ' j 1 al~.l I 1 41 ,iij kljVI : Jlia 

<j jjLaJ JUI ^1 j J-aJ ^Ja jl j jV 1 f±JU) 1 _ y iaJ’ ^a Jail I 4 aJLaaj la ^Jl aja J lVI jJX^i—V' — u 

• atlaSj l^aliiyi 

> .ilal' jallij j'j jS'l j -*~ 1 4a L iVi y . J»i ■ i-IK~. jliiVl ( _Ja. ijiU ijjj> i^ 4 »i) oVl j^li ! Jlia 

. laLJI 


1 lal* .jlH*. 

4^11 Jav ^ jLaaii 1 ^Uaj ^fi lJ J* • ijrfJ* < 4 »..lj»a JSLia *^c.yj JUI j. IJ «ll^l4 ~ <..* >fly -I 

. JS-ij i^ji ) JUI jja^j UiM^ial .jaaija ' i Jijla jjA . 4iJlJ ^lill JUI J la^ai Jalaia-V 1 

,‘.a . ^a^aJI 'I .’iM! rlitl JUI ^'lJ (*■***- * J Wi JaaJ 1 ( _ r U. JfAi l _ r JI a . ■! ■ —~.aVI l^aaill —T 

• JJ^aiall j^lai ^JLa 2 jaa& l>JJLiJ uai Jj l~i* JUI ^ 1 J |U> Lf IjjLaaliV' laaaiJI ■ il)7l V 


jaUlt ^oiDi 









GE3C 




D 


jijii • 

^)| 4 << ..ri jt>^1 J*aJI t^yj ^ic. iJUJ 1 i ji^H li.u ^..a'.M fC*£) . ^J' * <■ * ja J^jua 1 JaaJ 1 . aTJatf 

Jjjj J^c. JLa yj 'll • OjjJ.1 ,jJ| iiiJ <Mi J JLa&Ij I W '- —- 11 > 4 »>H uVi • ^l.kff • 4jJJW jlat 

^jJj 14 - ..Lla'.j V LaLaj j»jj V JalLj > jjt .•.Kill ^kl >»'«.«! jjj ^ l.anll > 4 »sP i _ T J^- -laiA i«‘aj 

*«..un, Uiij 

<Uh* < 4 jLa ^yk _k+r* Jyj ^jLajV 1 ^U'j£ ^Jju . aliiYI ^ j.^i>|l 

jjj • aljl' >m .«» . hlAjLlJ^ ■ . jjajV* ^4 4 , -C I' ijy^juA l^jl L»£ <ii 1 

<11 iU jlli y^£- y j 1 5 |k*>Lu JyyyM • JsLlal^ ^ 1 y »^ 4_fc4_**L»r Jjl^XI 

1^44 yAA V *ui»l ^A> 4l«'l* .jJLIA jjl ^ -■_■ V I -U»J 4 J \ ..t'.lV' Jj ^Jl jlSLU JUU LLA 4 J L ■ - 1 .|V I U1 ■*■_ .11 

. ijLaUI J*i. JA jkai j £*>11 j** ^ vOi-JI £U«I*J jL-iyt J* 

• a -“:; L ~ t * ■»j*>!' • 

) ^»4 il jLl»l ^.4j 1 JU»J . JjjLJI J 'i ^-.Vl |*i4. ^ 4 * 1^1 : 4jj>jLiJ' 4 a,^1 > .t 

#ju» jj* ilah. ■iyA-y —A 1 ^iV 1 t -j**••-.■ >aVI 1 jjkj . a' ; --j!l i»~n.(j |... . Ji _a'j*aL *^ — -~' 11 j 

. ii^ 4 *j aLL. -iyyy j-*V' ..Haw IjlAj . JkaV 1 . A.> 4 !I j\/.ab »«I.'| Ajl>ll 

4 <*J}V' I |~-;j • — ■ jtjjtM la '^jLj . Jt&i 4 - 1 '-*■• - 4ilt {ja <a* 4. f .U.H J |4£ J : ail' ^4 C4 . ^ 

. 44. p44U jjij jlSo > I'll J jL»iV JaJ j4 JL> V Ji 

<*a V— Jil UU» JS 44 I 4 .U jL-iV> jl VI ul**ll 41.1*> 4...U1 1 J ,4ij : JV^il ILli ^ .T 

. 4ji»u 

4 J^4 -U yl ^Ijaj JJthlto 4 J 4 U J&4444 jl44al< V ,jl'44.4»l* jl J 490 .ill ilj 

iJuijJ' ^±t j • 

^4 jSJj 4 1^4>l ti>4444 V ij jiUtA 1 ^ la 411 m jV ^iaa*i V ^ 4 1 ij^l ^4 jm all il^4j «l^|l y 4 ~.aj 

Lljl LiSjjV ^aJI «Lij 4 1 JaL jjJI .4.jt~'l Jjyi ^|l L ^ki 1 j Li . Laj' 1 jjLi J j'^ 1 1 «jA jj£j jlSj Ium Ijjl j 

. 4*...I 1 ^£. .lalaall iaj VJ' J^aJ 1 ^j» oLajSLaJI ^U. Uj* j4j . 4-aL>« Jjl^ay >l.«a» 

. Jtti 4>«ij. uni 

4 i4ji.a|l 4 J >jWl jj i..ila‘i» 1< j«»4 yjky 4 J-U.VI ^.ai i/ J4 .*.11^.11 ^.aaial' 

■ --*-'< 1 jlI* .. oLtJa! 1 ] ^I--H ^a Ju^a Jaaj 1 <.>LL>I ijlyj ^^le. ^LjV 1 * f l«f ^y» V^«l .ivJ jui£ ■U'l..i < _ r iJ' 


c 









jyi 




Jjlyl' -•II '•*} . jjjilill Jj'jII i^Jl i^i* • i j*jS s'lif }*■** >1j)C j’ jlljV' ^Li j>i..Ii f*ij 

• y»/tflj . 3**H 1*1 ^o-UJ' ^ J ..i ~ . | l £* (3^ (*J‘»«~|I' ' Ikftj . *Cj i.dil I Jjlyl' oJlikJ • 4. l a ’ I 

jV . JUI J*«JI .Liik ^| 4 JW ,_y[ C LiVI j—»U* fk«..*~» JyjjJL* Jy jiiM J—-_-j . JU 1 O-'JJ 

. JLLI ,j»*'j jt J ) f«i« 4» f «1»P i3>-oL*i' A*JVI 

(**j !«J . ^}1*JI J£ jLL 4-iLi. jl.rtAVll • ^HiV' 4-l—f yky LjfcjVI yk JaaJI j' yk J1jy. V <J J&> Vjj 

. jL^UjjL-lVL VI 

JajJi i Yj» 

J^jJi Sl»aU • 

^i.«ii ^uj 1 u^ii ^Lwji j^>. y jjjh*Li yLaiyi .*yji ^ ^ny y_*Lc. y* 3 **^ 

. oL»jl»JI j 


' ju» il*.'y» ■ ■ —_■ uUjJ j _,■!--■! <&jj j jU. yLd^i 1 jJa«JI j.^it ijl j[ ^1 ^luJ 1 « .«»< V ll*j 

4_i^>. jjii*^yiv j^lj 1 <^u. ^jji y».VijoijL>.yi j 3**i* ^jU.-.■*.<•»»y« ^jL^jyi jL^yi 

. L-ttj' 1 «'..‘.|A« JU-34-1 J»j Uilj .Lit 

. ^VL ^liiV' ^ .--» l lu- ,3**]! j‘“\ 

. Jjljlj £l J l-l --'■ . I 

. L*jy»ij l*ly»uj [ 4 * y ..,f 1***j J aJI y 4 » yk jL*jVl : £j J JaLli ~ • 

J ju y* <xk. iyu ^ jjl ojLaJI y«u jjLijj y i i . .1 ._^U. Ayij yt.-.VI y< y*^uu <jlik t yjlIjl .L>L*.» u 

. l4l«»;,y|i 4.k-.! Ij u.‘-:ii ljuk 
(*Jy* 3*4-1' . T 

ljuk J)ijj . 3*4-1 L< ^yij 3* l4l*3» \ < ^yjl «.»■ * *'■ 1 1 j 4*K«|I «jLy£.L 3**1' < 4». I jx\ ,*nn ^i >ji ysUu 

l*j <*-L»o 3 * 1*11 Jy L* juaJ . L*/' *■>!».Jlj i*iU ; ■ --»- yk 3 *«J’ y<lj w : --^»'l y yj*JI jLkjV 1 y* nJU («JVI 

• Lm* yJl^ tilk>JI yitjj § j y •_■ 

yU ■>>+*» « . I 

v E uyi ^ v jL^yt <Jju# ^iii jl«*ji jis liij. ^lji s tij > VjL&li ^ji 

m 

• ^jl.^VI yfllL yaj 


^*U» 7-^ytU' 













r^yi 


jUJV* 






!»Uil' .rfl"iij ola>L*J' ■■■*-' jl • ■*;< s j --- I --» Uj'j 

wr* jUiJ* jiUJI I 

j jj «Vj^- «*r.»l i oLi-fcJU j j^juJI jju 

. it'JjJ3 i>JLy« ^iji Jy- J JU Vj • jJJ ... jLa>) 
sj) -~. ‘ ^'1 J -'*■—; i« . «M l< J . jl_.H Jj-- * ■ --' -- -~.'j.< yl yi 

1 ■!+ » ■ »VL*1' J juy V ijlcj . i^jL**£JI •-■! I j ■-•' -.-■*■»■'. 1 f \y' 

m 

Lwjj • <liyJ'j yJ' yl oliUu -’■ - -• ji i[ Mii.«< 

Lui .li^&l' jl , ifi JLi oliUJ' jiini 

. lll'jUil' y #LL' hi wiV' ^y* A A3fc 1 .» j 


lullioll ~ _■ — • 

i ji ' jJ Li J^ill ■ 04) iiiiwtji 

jj-* } — • » ■» *> ^Sjj .1 

- jtiV' j i«l If 

Jj. JSJ i^yU j^LwJI JJ .T 

1 'joJ - r 

i _ J Jt . Jy»J' it yy-1 i*. Jtt)' 

- *ll' iy ^J' 

JjLutL JU' ^y. yJ viu yJU »—OJ . t 
. ^UiV' ylic ^y ' ; ..»if 

Lf^Ji JU' j-'j Jyt -0 
. JjIjOU JU' 

Lf ^j gJN4~...Li iV m^*jj .*\ 

. .‘IV^-.-VI ' JLt JJJU) JU' 










t • — r * j j* *u>ud^ l*_>ij ^u>ud i_o V l tLljLuJI <f\ - ) 

, 44 lit',.,11,;»' js*.$J' ii ' _)<•>! «Ti .' 

■ I 4 J /• i^-LjJ 4«l..ll jjC jJl. wi 

• 2lJLJ» SUjL^JV* <**AlUb U -T 

• wUIk'I . 1 


• -O 1 ^ 1 • V 

si pL- . 

i ^Mkki -T 

jL-aiil JaLlj JSJ ^L-Vl sJ^*11 ^ C.UUJI . 1 

. Sj si --.VI 4, „ a VI . o 

. J l _.~1 -VI J 2I JJU >K.*.« si. --.~-«VI iK -*-l l . Jfc 

I j/\J Lc 4 Ou^wal I 4_tL>. V> ^jp -t 

...... jjiy * JjjUji jjiyu s _ J it jii~j — i 

. - vii—avi - 2 ^ 1 . 

.. - jj£V | jjiyL > 1 .—-.wi ^i.r i^'.^j ~ - ■ 


« i jj^J 0 — 4^«jt 2 jju ■ 


> VjjI—AVI *K.U» JUS - J. 


• sllLl* L»U 2. —III. Jjljll 2 Jjj jU»V' s'li «)Ull 2 jjt) jl» — V 1 £^2 jl ■ 


I jyt ^Vl > oUUJI JUS - J 

. jy^ji - olui - jj2ji - {■L-iyt. 


;-uit jsoidi 


^>* fSi* 
















iKA.i ij jU^iV' 




uVLk4 • 

: vi>VL)fc-» <jy_)i '1 -.~-«S’l j»UI 

. ^U^iYI JULUU oUJI JjUy ^jjlj : y jL-SYI . > 

— ~ ■ 4 jl »iil JL^yi ■ -I^L- Jjl£^ ,_£ jJ 1 j : ^ J*.y I ji >1 viVI .T 

(s^n J i>j^) 

. i.LiSJ 1 ji.'"_3i 1 *~~~J~-_'*_f^ —~.^VI ,itjt._tl f tt ~‘ Jjl ^ J '«Hj • .-■!■ >1.-.-.II .T 

. a j- J- ;>t ^yt <1 0JJU * -J J.- 1 *- 11 ^J| ^Lmj ^ jj'j : ^j j- Ml .-.Ij <1 -'M . t 

jL^HYi f^JLc. Ulj jolj • 

}jjua< oULkJI {-UlY iLUJ' Jjlyjj V—;n ijjujl > 4lU-.ll irfjL^iV' iK.U* ^Jjy ^ >A 

jU* frL-L 1 ^ ,jji i v _ > i-*j . tiu'— 4 jj*j ju*i ijjjkikii j jiji' ^ i ii»~ii.t 

. oUUJi aim 






*jjL+3V' MCAJIj jl-aii'.i 


jL-IiYl 


. • jjl Jttjl .a»H ■ > j' yt'j/l ^l> \y\Zai\ J -*- • ’ I 

JLI' ^>1 y <Jtyuj . 4aj«la1' jluiV Jtlij jt OuLH Jj'yU iJC ! ■ Jli' ^.1 j • ** * ■ -»■» ljlj4 — ^ 
JyJb»JlS 4^*.ll>' oV' j Ci< Jia-* ^j 1 a»~< j l^c.U~» l^iaJL-a Jjy j^jV* ^ 4jk } »'..«' *.■*.■• ^- ■ 1 Jj’>U JLa j'jUI 

• ■ t j — 11 j - -^u< . -.L^ t: -.h ^ J*._L ^yjl 4^tl j jJ 1 oLmaIII all ilSj fyjjJk'V 1 j 

aLJI jit Jt ^1.... . jj*a wJlWI Jyy jjuj 

l^jli yAuj j-2*» j/- j' J—L- ^ Jy : jLJl 

■ Li I «_i ■ <i^ ^ | --~ I 1 

i^iLi Uj^Vj k^UljJi ^L<iy : 3uS ^ i i»j ^iw 1 

. jJ|. .14*11 <y) • *lo*Jl <1L*' 

^ jImJ' jllll yt ij.LJlj < ijJitit* ;y <aj y*j fL»y ^ 1 ■ ^1 i 3U>Uj{ CL« hj 

. •■»■-- yj <aJL-o . i.ii‘i > _^J oLU i jx <1 ■■■ j' «iU jJ . k.*W» 

• jjl • «li'JL aII . OYYI > .1 JL*JI ■ - ■ - —'■ 1 _ T J * >»*..-! I JlL«JI 

f « l^I ^1 liiiiiV' Ljy. ^JL j ^I| *_LL 1 > .iirti <*l* <U>%> 

uU^Ull 4_fc«A< • 

# 

■ ~.Ljl«ll jlj US . }jjU9u lj\yj ijuJi CiUU J|> f ^ <jjl ■ --.'.Vi i K .‘-I I JUi UU L j£ j U 

“t > _ r U La «lU j > _ F U >J . i* Li' jf^LU.J>U iliLiJI .IjI* LaJ' y. yl «1 jI j' y]l jL»j' ju£ i*lUI 

. *.■ L ■ V.-. V 4K.UI J» >C r likiI1 i Jji ij^j - i 

. >-.^1 jj*J 1 J tf l£,i*U1cl.LiiJ1,ol tf ilSL.yi, Jjiyil JCJJCuVl r ljL»i-.V1 - y 

. ^jlirt'iiy jliu| .tie *««»Lill >1 j LabialI Jy jui ^-S• y*y y*- LjUj »L L» . H i t la£ j,u>7i “ £ 


> ( jLU* 4 »Vi i S>i-Jl ) ^Ulc. 4JSLI4 ibjLaliVi idSLU< • 

a*^---» “J ~ ** ‘-.*^1 » ■-*• j* * " ^*-11 f ij il---»~.i«VI j « *-1 1 ^yjl ^ J*1 jlj Jjly Jyjf 

jLu tjl£ ^fyflly ■_*! jl*VL 4j-m*4~»n ^lai» >.t* jl,»~<LI jjl l 4 jL 1 «i.P *• yl I . •*!<'■ jl jLl^V 1 f SjJLaJI 

■ U—.< J^L->JL 

I jL_** .. ^ i.^a y LaJJU» *i»LiL ^a..) Jy* * Ij 1 -^ mi"' I jl «Laa« ^y y ialat Jill 









jL^Vt 


jL—iiVl 




hjjybji • 

. J • -' ■ ■« Jjk. jl j ■»! 4jjl»i >^l>l«JI 1 1..- V ^Laj Li JS 

jV J j^I tiiljj J.i.illj > J^iill J i> [> ^n*«l <jV J jy I'^JLi </^nlJ ijOlli jc --I 1 l j^i J 
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